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Abstract 

We generalize the structure theorem of Robertson and Seymour for graphs excluding a fixed 
graph H as a minor to graphs excluding H as a topological subgraph. We prove that for a fixed 
H, every graph excluding H as a topological subgraph has a tree decomposition where each part 
is either "almost embeddable" to a fixed surface or has bounded degree with the exception of a 
bounded number of vertices. Furthermore, we prove that such a decomposition is computable 
by an algorithm that is fixed-parameter tractable with parameter \H\. 

We present two algorithmic applications of our structure theorem. To illustrate the mechan- 
ics of a "typical" application of the structure theorem, we show that on graphs excluding H as 
a topological subgraph, Partial Dominating Set (find k vertices whose closed neighborhood 
has maximum size) can be solved in time f(H,k) -n ^ time. More significantly, we show that 
on graphs excluding H as a topological subgraph, GRAPH Isomorphism can be solved in time 
n f( H ) . This result unifies and generalizes two previously known important polynomial-time 
solvable cases of Graph Isomorphism: bounded-degree graphs [T7] and iJ-minor free graphs 
[2U] . The proof of this result needs a generalization of our structure theorem to the context of 
invariant treelike decomposition. 

1 Introduction 

We say that a graph H is a minor of G if H can be obtained from G by deleting vertices, deleting 
edges, and contracting edges. A graph G is H-minor free if H is not a minor of G. Robertson 
and Seymour |23j proved a structure theorem for the class of //-minor graphs: roughly speaking, 
every //-minor free graph can be decomposed in a way such that each part is "almost embeddable" 
into a fixed surface. This structure theorem has important algorithmic consequences: many natural 
computational problems become easier when restricted to //-minor free graphs [3l II H [5]. I13 |. 1121 l^j. [8] . 
These algorithmic results can be thought of as far-reaching generalizations of algorithms on planar 
graphs and bounded- genus surfaces. 

A more general way of defining restricted classes of graphs is to exclude topological subgraphs 
instead of minors. A graph H is a topological subgraph (or topological minor) of graph G if a 
subdivision of H is a subgraph of G. It is easy to see that if if is a topological subgraph of G, then 
H is also a minor of G. Thus the class of graph excluding if as a topological subgraph is a more 
general class than //-minor free graphs. 

One can ask if graphs excluding // as a topological subgraph admit a similar structure theorem 
as //-minor free graphs. However, graphs excluding a topological subgraph can be much more 
general. For example, no 3-regular graph can contain a subdivision of K§ (as K§ is 4-regular). 
Therefore, the class of graphs excluding K§ as a topological subgraph includes in particular every 
3-regular graph. This suggests that it is unlikely that this class can be also characterized by (almost) 
embeddability into surfaces. 
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Nevertheless, our first result is a structure theorem for graphs excluding a graph H as a topolog- 
ical subgraph. We prove that, in some sense, only the bounded-degree graphs make this class more 
general than if-minor free graphs. More precisely, we prove a structure theorem that decomposes 
graphs excluding H as a topological subgraph into almost bounded-degree parts and into .ff '-minor 
free parts (for some other graph H'). The almost-embeddable parts can be further refined using 
the structure theorem of Robertson and Seymour for the .ff'-minor free parts, to obtain our main 



structural result (see Corollary 4.4 for the precise statement): 



Theorem 1.1 (informal). For every fixed graph H, every graph excluding H as a topological 
subgraph has a tree decomposition where every torso 

(i) either has bounded degree with the exception of a bounded number of vertices, or 

(ii) almost embeddable into a surface of bounded genus. 

Furthermore, such a decomposition can be computed in time f(H)-\V(G)\°^ for some computable 
function f . 

Our structure theorem allows us to lift problems that are tractable on both bounded-degree 
graphs and on .ff-minor free graphs to the class of graphs excluding H as a topological subgraph. 
We demonstrate this principle on the Partial Dominating Set problem (find k vertices whose 
closed neighborhood is maximum). Following a bottom-up dynamic programming approach, we 
solve the problem in each bag of the tree decomposition (using the fact that the problem can be 
solved in linear-time on both bounded-degree and on almost-embeddable graphs. We expect further 
similar algorithmic results using the same technique. 

Theorem 1.2. Partial Dominating Set can be solved in time f(k,H) ■ when restricted 

to graphs excluding H as a topological subgraph. 

The main algorithmic result of the paper concerns the Graph Isomorphism problem (given 
graphs G\ and Gi, decide if they are isomorphic). Graph Isomorphism is known to be polynomial- 
time solvable for bounded-degree graphs [1T|. ITj and for .ff-minor free graphs [2Q|. IT]. In fact, for these 
classes of graphs, even the more general canonization problem can be solved in polynomial time: 
there is an algorithm labeling the vertices of the graph with positive integers such that isomorphic 
graphs get isomorphic labelings. It is tempting to expect that our structure theorem together 
with a bottom-up strategy give a canonization algorithm for graphs excluding H as a topological 
subgraph: in each bag, we use the canonization algorithm either for bounded-degree graphs or H- 
minor free graphs (after encoding somehow the canonized versions of the child bags, which seems to 
be a technical problem only). However, this approach is inherently doomed to failure: there is no 
guarantee that our decomposition algorithm produces isomorphic decompositions for isomorphic 
graphs. Therefore, even if two graphs are isomorphic, the bottom-up canonization algorithm could 
be working on two completely different decompositions and therefore could obtain different results 
on the two graphs. 

We overcome this difficulty by generalizing our structure theorem to the context of treelike 
decompositions introduced by the first author in [7] . A treelike decomposition is similar to a tree 
decomposition, but it is defined over a directed acyclic graph instead of a rooted tree, and therefore it 
contains several tree decompositions. The Invariant Decomposition Theorem (Section[8]) generalizes 
the structure theorem by giving an algorithm that computes a treelike decomposition in a way 
that the decompositions obtained for isomorphic graphs are isomorphic. Then the Lifting Lemma 
(Section [9]) formalizes the bottom-up strategy informally described in the previous paragraph: if 
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we can compute treelike decompositions for a class of graphs in an invariant way and we have a 
canonization algorithm for the bags, then we have a canonization algorithm for this class of graphs. 
Although the idea is simple, in order to encode the child bags, we have to state this algorithmic result 
in a more general form: instead of graphs, we have to work with weighted relational structures. 
This makes the statement and proof of the Lifting Lemma more technical. Putting together these 
results, we obtain: 

Theorem 1.3. For every fixed graph H , Graph Isomorphism can be solved in polynomial-time 
restricted to graphs excluding H as a topological subgraph. 

Actually, we not only obtain a polynomial time isomorphism test, but also a polynomial time 
canonisation algorithm. Our theorem generalizes and unifies the results of Babai and Luks \17\ [1] 
on bounded-degree graphs and of Ponomarenko [20J on //-minor free graphs. Let us remark that 
Ponomarenko's result implies that there is a polynomial time isomorphism test for all classes of 
graphs of bounded genus, which has been proved earlier by Filotti and Mayer [6] and Miller |19j . 
and for all classes of graphs of bounded tree width, which was also proved later (independently) by 
Bodlaender [2]. Miller [18] gave a common generalization of the bounded degree and bounded genus 
classes to classes that he called /c-contractible. These classes do not seem to have a simple graph 
theoretic characterization; they are defined in terms of properties of the automorphism groups 
needed for the algorithm. Excluding topological subgraphs, on the other hand, is a natural graph 
theoretic restriction that generalizes both bounding the degree and excluding minors and hence 
bounding the genus. 

For the convenience of the reader, let us summarize how the different results in the present 
paper depend on previous results in the literature: 

• The proof of the existence of the decomposition into //-minor free and almost bounded- 
degree parts is self-contained. The algorithm computing such a decomposition needs the 
minor testing algorithm of [22] or 



The proof of the existence of the more refined decomposition into almost-embeddable and 
almost bounded-degree parts needs the graph structure theorem of Robertson and Seymour 
[23]. The algorithm computing such a decomposition needs the algorithmic version of the 
structure theorem [3]; to achieve f(H)-n°^ running time, a more recent stronger algorithmic 
result is needed |15|. 



The algorithm for Partial Dominating Set needs the more refined decomposition, hence it 
relies on [221 [J5] . Additionally, it needs the fact proved in [H] that almost-embeddable graphs 
have bounded local treewidth. 



• The result on Graph Isomorphism needs the minor testing algorithm of [22] or [M] to 
compute the treelike decomposition. Additionally, the canonization algorithms for bounded- 
degree graphs P] and for //-minor free graphs ([20] or [7]) are needed. 

Note that none of the results rely on the topological subgraph testing algorithm of [10] or need any 
substantial result from the monograph [7J. 

The paper is organized as follows. Sections [2j|3] introduce the notation used in the paper. 
Section [4] states the structure theorem and shows how it can be proved by appropriate local de- 
composition lemmas. Section [5] introduces the notion of tangles, which is an important tool in the 
proofs of the local decomposition lemmas in Section [6] Section [7] uses the structure theorem in an 
algorithm for Partial Dominating Set. Section [8] introduces treelike decomposition and proves 
the Invariant Decomposition Theorem. Section [9] proves the Lifting Lemma for canonizations, 



completing the proof of Theorem 1.3 



3 



2 Preliminaries 

Z and N denote the sets of integers and nonnegative integers, respectively. For m, n e Z, we let 
[m, n] ■- {£ 6 Z | m < £ < n} and [n] := [1, n]. The power set of a set 5 is denoted by 2 s , and the set 
of all fc-element subsets of 5 by (, ). For a mapping / defined on S, we let f(S) ■= {f(s) \ s e S 1 }. 
The cardinality of a set S 1 is denoted by \S\. 

Let G be a graph. The order of a graph G is |G| := |V(G)|. The set of all neighbors of a vertex 
v e V(G), called the open neighborhood ofv, is denoted by N (v). The closed neighborhood of w 
is the set N [v ] := {«} u N G (v). The closed and open neighborhood of a subset PF £ V(G) are the 
sets iV G [W] := UweW N G [w] and iV G (W) := iV G [W] s W, respectively, and the closed and open 
neighborhood of a subgraph H c G are the sets iV G [iI] := iV G [F(i7)] and N G (H) := iV G (y(i?)), 
respectively. We omit the index G if G is clear from the context, and we do the same for similar 
notations introduced later. We let d G (W) = \N G (W)\. 

For every set V, we let K [V] be the complete graph with vertex set V, and for every n e N, we 
let K n := K[[n]]. 

Let G be a graph. A graph H is a minor of G (denoted by if < G) \t H can be obtained from 
G by deleting vertices, deleting edges, and contracting edges. Equivalently, we can define H < G 
the following way. Two sets S, T £ V{G) touch if either S n T = or there is an edge t>ui e V"(G) 
such that v € S and w tT. It can be shown that H < G if and only if there is a family {I w ) w ^v{H) 
of pairwise disjoint connected subsets of V(G) such that for every u,i> e V(H) that are adjacent 
in H, the sets I u and I v touch in G. We call this family I an image of if in G and the sets I w are 
the branch sets of the image. 

Theorem 2.1 ([22, 14|). There is an f(H) ■ \V(G)\ 3 time algorithm (for some computable f) that 
finds a H -minor image in G, if exists. 

A subdivision H' of a graph H is obtained by replacing each edge of H by a path of length 
at least 1. We say that if is a topological subgraph (or topological minor of G) and denote it by 
H <t G if a subdivision of H is a subgraph of G. Equivalently, H is a topological subgraph of G 
if can be obtained from G by deleting edges, deleting vertices, and dissolving degree 2 vertices 
(which means deleting the vertex and making its two neighbors adjacent). For fixed H, it can be 
decided in cubic time whether a graph G contains a subdivision of H (although we do not need 
this result in the current paper): 

Theorem 2.2 (|10j). There is an f(H) • |y(G)| 3 time algorithm (for some computable f) that 
finds a subdivision of H in G, if exists. 

Let D be digraph. For every t e V(D), we let N D (t) ■- {u e V(D) \ tu e E(D)}. We call vertices 
of in-degree roots and vertices of out-degree leaves of D. The height of an acyclic digraph D is 
the length of the longest path in D. 

It will be convenient for us to view trees as being directed, unless we explicitly call them 
undirected. Hence for us, a tree is an acyclic digraph T that has a unique node (the root) such 
that for every node t there is a exactly one path from r(T) to t. 

Let G be a graph. A separation of G is a pair {A, B) of subgraphs of G such that A u B = G 
and E{Ac\B) = 0. The order of a separation (A, B) is \ V{A) c\V{B)\. 

3 Tree Decompositions 

A tree decomposition of a graph is a pair (T, /?), where T is a rooted tree and (3 ■ V{T) -» 2 y(G) , 
such that for all nodes v e V(G) the set {t e V"(G) | f e /3(t)} is nonempty and connected in the 
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undirected tree underlying T, and for all edges e e E(G) there is a t e V(T) such that e £ 
Most readers will be familiar with this definition, but it will be convenient for us to view tree 
decompositions from a different perspective here. 

If (T,(3) is a tree decomposition of a graph G, then we define mappings a, 7, a ■ V(T) -*■ 
by letting for all t e V(T) 

if t is the root of T, , 

a(t) := \ (3.1) 
I f3(t) n /3(s) if s is the parent of t in T, 

7 (t):= U (3-2) 

ti is a descendant of t 

a(t):=7(t)\<r(t). (3.3) 

We call /3(i),<r(t),7(i),a(t) the frag at t, separator at i, cone at i, component at t, respectively. It 
is easy to verify that the following conditions hold: 

(TD.l) T is a tree. 

(TD.2) For all t e V(D) it holds that a(i) n a(t) = and N G (a(t)) c a (t). 

(TD.3) For all t e and ti e A/" D (i) it holds that a(u) £ a(t) and y(u) c 7 (t). 

(TD.4) For all i e V(D) and all distinct tti,«2 e N D (t) it holds that 7(1*1) 07(1*2) = a(ui)na(u2)- 

(TD.5) For the root r of T it holds that a{r) = and a(r) = F(G). 

Conversely, consider a triple (T, a, a), where T is a digraph and a, a : V(T) -»■ 2 y ( G ) . We define 
7, P : y(T) -> 2 y ( G ) by 

j(t):=a(t)ua(t), (3.4) 
^(i)==7(*)^ U «(«) (3-5) 

ueAf T (t) 

for all i e V"(T). Then it is easy to prove that if |(TD.iy^(TD.5y are satisfied, then (T,/3) is a tree 



decomposition (see [7j for a proof). Thus we may also view triples (T, a, a) satisfying (TD.l) - (TD.5) 



as tree decompositions. We jump back and forth between both versions of tree decompositions, 
whichever is more convenient. The treelike decompositions introduced in Section [8] need to be 
defined as triples (T, a, a), thus looking at tree decompositions also this way in the first part of the 
paper makes the transition between the two concepts smoother. 

Let (T,f3) be a tree decomposition of a graph G. The width of (T, /3) is min{|/3(t)|-l | te V(T)}, 
and the adhesion of (T,{3) is min{|cr(t)| | t e V(T)}. For every node t e V(T), the torso at £ is the 
graph 

T(t):=G[p(t)]uK[a(t)]u |J (3.6) 

For a class ^4 of graphs, (T, f3) is a tree decomposition over A if all its torsos are in A. 

A related notion is the torso of G with respect to a set C £ V(G), denoted by torso(G, C), 
which is defined as graph on C where u, v e V{G) are adjacent if there is a path P in G with 
endpoints u and u such that the internal vertices of P are disjoint from C. In other words, 

torso(G, C) := G[C] u (J K[iV G (X)]. 

X is a component of G \ C 

It is easy to see that r(G,/3(t)) £ Equality is not true in general: G[a(«)] for some u e N D (t) 
is not necessarily connected, thus it is not necessarily true that o~(u) is N G (X) for some component 
X of G\0(t). 
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4 Local and Global Structure Theorems 



The main structural result of the paper is a decomposition theorem for graphs excluding a topo- 
logical subgraph: 

Theorem 4.1 (Global Structure Theorem). For every k e N, there exists constants a{k), b{k), 
c{k), d{k), e{k), such that the following holds. Let H be a graph on k vertices. Then for every 
graph G with H G there is a tree decomposition (T,f3) of adhesion at most a(k) such that for 
all t € V(T) one of the following three conditions is satisfied: 

(i) \m\<Kk). 

(ii) r(t) has at most c{k) vertices of degree larger than d{k). 
(Hi) K e{k) £ r(t). 

Furthermore, there is an algorithm that, given graphs G,H of sizes n,k, respectively, in time f(k)- 
n °( l ) j or some computable function f, computes either such a decomposition (T, (3) or a subdivision 
ofH in G. 



We remark that all the constants are polynomially large. Note that (i) is redundant: by choosing 



d(k) or e(k) sufficiently large, a bag satisfying | (i) | trivially satisfies (ii) and (iii)| We state the result 
this way, because it shows the high-level structure of the proof, which involves three decomposition 
results corresponding to the three cases. 



The proof of the Global Structure Theorem 4.1 builds a tree decomposition step by step, iter 



atively decomposing the graph locally in each step. The Local Structure Theorem describes the 
"local" structure of a graph, as seen from a single node of a tree decomposition. We describe this 
local structure in terms of star decompositions, to be defined next. A star is a tree of height 1. We 
usually call the root of a star its center and the leaves of a star its tips. A star decomposition of a 
graph G is a tree decomposition (T, f3) where T is a star. Note that if (T, f3) is a star decomposition, 
then for every tip t of the star T it holds that /3(t) = j(t). 

Lemma 4.2 (Local Structure Theorem). For every k e N, there exists constants a{k), b{k), 
c{k), d{k), e{k) such that the following holds. There is an f(k) ■ |V(G)| 0(1) time algorithm that, 
given a graph G, a set S of size < a(k), and an integer k, 

(1) either returns a subdivision of Kf. in G, 

(2) or computes a star decomposition Eg = (Tg, as, o~s) of G u K[S] of adhesion < a(k) such 
that S £ (3g(s) for the center s, a{t) c a(s) for every tip t, and one of the following three 
conditions is satisfied: 

(a) \p s (s)\<b(k). 

(b) t~s(s) does not contain a K e ^ k yminor. 

(c) At most c{k) vertices of ts{s) have degree more than d{k) in t(s). 



Note the technical detail that S5 in (2) is a decomposition of G u i^fS 1 ] instead of G. As 



G u if [£] has more edges than G, this makes the statement slightly stronger (because it makes 



harder to satisfy the requirements on rs(s)). The proof of the Global Structure Theorem 4.1 needs 



this extra condition, since the set S will connect the graph to the part of the tree decomposition 



already computed. In (1) , however, the if^-subdivision is found in G (which is a slightly stronger 



statement than finding it in G u If [S 1 ]). 
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The proof of the Global Structure Theorem 4.1 follows from the Local Structure Theorem by a 

can 



fairly simple induction (see below). In Section 4.2 we show that Local Structure Theorem 4.2 



be proved by putting together three decomposition lemmas. We prove these lemmas in Sections [5]- 
[6j Let us remark the Global Structure Theorem can be seen as an instance of a general theorem due 
to Robertson and Seymour \21\ (11.3)], explaining how to construct a tree decomposition whose 
torsos have a "nice structure" in graphs with a "nice local structure", where the local structure 
is described with respect to a tangle (see Section [5]). Our proof follows the ideas of Robertson 
and Seymour's construction, but as Robertson and Seymour's theorem is not algorithmic, and 
since there would be a large notational overhead, we see no benefit in appealing to Robertson and 
Seymour's theorem here and instead carry out our own version of the construction, which is not 
very difficult anyway. 



Proof of the Global Structure Theorem 4-1 Let a(k), b(k), c(k), d(k), e(k) as in the Local Struc- 
ture Theorem (Lemma 4.2). Let G be a graph. We shall describe the construction of a tree 
decomposition (T,f3) of G satisfying all conditions asserted in the lemma. The construction may 
fail, but in that case it yields a subdivision of H in G. 

We will built the tree T inductively starting from the root. For every node t we will define the 
set N T (t) of its children and sets a(t),a(t) such that \cr(t)\ < a(k) and N (a(t)) £ a(t). As usual, 



we define 7(i), /3(t), and r(i) as in (3.4), (3.5), and (3.6). In each step, we will prove that r(t) 
satisfies one of (i), (ii), or (iii). 

We start with a root r of T and let a(r) ■- and a(r) := V(G). For the inductive step, let t be 
a node for which a(t) and a(t) are defined, but N D (t) is not yet defined. We let Gt ■= G[j(t)]. Let 
us run the algorithm of Lemma 4.2 on Gt (as G), a(t) (as S), and k. If it returns a subdivision of 
Kk in Gt-, then we can clearly return a subdivision of H in G and we are done. Otherwise, it returns 
a star decomposition T, t ■- (T t ,at,at) of G u K[a(t)] having adhesion at most a(k); let St be the 
center of T t . We let N T (t) ■- V(T t ) \ {st} be the set of tips of T t , where without loss of generality 
we assume that this set is disjoint from the tree T constructed so far. For every u e N T (t) we 
let cr(u) ■- o~t{u) and a(u) ■- at(u). Observe that we have f3(t) = ^(t) \ \J U eN T (t) a ( u ) = Pt(st)- 
Furthermore, since is a decomposition of Gu K[o~(t)] and o~(t) induces a clique in Gu K[o~(t)], 



we have that r(t) = Tt(st). Thus one of the three cases of Lemma 4.2 holds for the bag /3(i) as well. 

To see that (T,(3) is a tree decomposition, it is easiest to verify it satisfies (TD.2) - (TD.4) it 
follows from the fact that the star decomposition used in each step of the construction does 
satisfy these conditions. Condition |(TD.l) is obvious and |(TD.5) follows because we start the 
construction with a node t having a{t) = V{G) and a{t) = 0. Note that the bound a{k) on the 
adhesion of Tit implies the same bound on the adhesion of (T, (3). 

To see that the construction terminates, note that for all t e V{T) 
at(u) c at(st) for every tip u of T t . Therefore, for every u e N T (t) 



Lemma 4.2 states that 
it holds that a(u) c a(t). 



Therefore, the height of the tree is at most |V(G)|. Moreover, a(u\) and a(u2) are disjoint for 
two distinct children of node t. Therefore, the total number of leaves can be bounded by |V(G)|. 
Therefore the algorithm, excluding the calls to Lemma 4.2, runs in polynomial time. Thus the 
claim on the running time follows from Lemma 4.2 □ 



4.1 Almost Embeddable Graphs and a Refined Structure Theorem 

In this section, we combine our structure theorem with Robertson and Seymour's structure theorem 
for graphs with excluded minors [23], which says that for graph H, all graphs excluding H as a 
minor have a tree decomposition into torsos that are almost embeddable into some surface. 



7 



We start by reviewing Robertson and Seymour's structure theorem. We need first the definition 
of (p, q, r, s)-almost embeddable graphs (for the current paper, the exact definition will not be 
important, thus the reader can safely skip the details). We assume that the reader is familiar with 
the basics of surface topology and graph embeddings. A path decomposition is a tree decomposition 
(P, j3) where P is a path. For every n e N, by P n we denote the path with vertex set [n] and edges 
for alH 6 [n-1]. A p-ring is a tuple (it!, vi, . . . ,v n ), where R is a graph and v%, ... ,v n e V(R) 
such that there is a path decomposition (P n ,{3) of R of width p with Vi e f3(i) for all i e [n]. A 
graph G is (p,q) -almost embedded in a surface S if there are graphs Go,Gi, . . . ,G q and mutually 
disjoint closed disks Di, . . . , D g c S such that: 

(i) C=Uf =0 G i . 

(ii) Go is embedded in S and has a nonempty intersection with the interiors of the disks Di, . . . , D g . 

(iii) The graphs Gi,. .. ,G g are mutually disjoint. 

(iv) For all i e [q] we have E(Gq n Gi) = 0, and there are rn e N and u|, . . . , v l n . e V(G) such that 
V ( Go n Gi ) = {v\, . . . ,v l n .}, and the vertices v\ , . . . , v\ . appear in cyclic order on the boundary 
of the disk Dj. 

(v) For all % e [q] the tuple (Gi,v\, . . . ,v l n J is a p-ring. 

A graph G is (p, q, r, s) -almost embeddable if there is an apex set X c l^(G) of size \X\ < s such that 
G \ X is isomorphic to a graph that is (p, g)-almost embedded in a surface of Euler genus r. 

Theorem 4.3 ([23, 115] ). For every graph H there are constants p,q,r,s e N such that every 
graph G with H ^ G has a tree decomposition (T,f3) such that for all t e V(T) the torso r(t) is 
(p,q,r, s) -almost embeddable. 

Furthermore, there is an algorithm that, given G and H , computes such a tree decomposition 
in time f(\H\) -n 3 for some computable function f , and moreover, computes an apex set Zt of size 
at most s for every t e V(T). 

As a corollary of this theorem and our structure theorem we get: 

Corollary 4.4. For every graph H there are constants c,d,p,q,r,s e N such that every graph G 
with H £t G has a tree decomposition (T, /3) such that for all t e V{T), 

(i) either r{t) is (p,q,r,s)-almost embeddable, 

(ii) or at most c vertices of V(t) have degree greater than d. 

Furthermore, there is an algorithm that, given G and H, computes such a tree decomposition in 
time f(\H\) ■ for some computable function f, and moreover computes an apex set Zt of size 

at most s for every bag of the first type. 

Proof. Let G,H be a graphs such that H £ T G. We let k ■= \H\ and choose constants b,c,d,e 
(the adhesion a is irrelevant here) according to the Global Structure Theorem 4.1. Without loss of 
generality we may assume that c > b. Then G has a tree decomposition (T 1 , into torsos r x (t) 
that either have at most c vertices of degree gerater than d or exclude K e as a minor. 



We choose constants p,q,r,s according to Theorem 4.3 applied to K e (as H). We refine the 



decomposition (T 1 ,/? 1 ) as follows: Let t e y(T x ) be a node such that K e ^ T 1 (t). Then by 



Theorem 4.3, we can find a decomposition (T 4 2 ,/3|) of r x (t) into torsos that are (p, q, r, s)-almost 
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embeddable. As o~ l (t) and o~ l (u) for all u e N Tl (t) are cliques in r l (t), there are nodes xt and x u 
such that cr 1 (t) <= a^(xt) and <r 1 (u) £ a^(x u ). Without loss of generality we assume that x% is the 
root of T 2 . We define a new decomposition by deleting t from T , adding T 2 , and adding edges 
from the parent of t in T 1 to xt (if i is the root of T , we omit this step) and from x u to u for all 
u e N D (t). All nodes in ii e ^(T 1 ) \ {t} keep their bags /3 1 (i) in the new decomposition, and all 
nodes in t% e V(T^) keep their bags /3f (is) as well. We carry out this construction for all t e ^(T 1 ) 
such that K e r 1 (t). All torsos of the resulting tree decomposition (T,/3) satisfy either (i) or (ii). 

Furthermore, the decomposition (T, (3) can be computed in time f{\H\) ■ because both 

(T 1 ,/? 1 ) and (T t 2 ,/3 2 ) can. □ 



4.2 The Three Local Decomposition Lemmas 



We prove the Local Structure Theorem 4.2 by stacking three decomposition lemmas on top of each 



other (see Figure 4.1). Each lemma provides either a star decomposition corresponding to one of 



the three cases [(i) - (iii) or an "obstruction" which can be feeded into the next lemma as input. 

The first decomposition lemma either finds a star decomposition where the center bag has 
bounded size or finds a "highly connected" set in the following sense: 

Definition 4.5. Let G be a graph and X c V{G). A separation (A,B) of G breaks X if |(V(>1) n 
X) u V(A n B)\ < \X\ and \(V(B) n X) u V(A n B)\ < \X\. 

The set X is m-unbreakable if there is no separation (A, B) of G of order < m that breaks X. 

There is a simple way of detecting if a set X is m-unbreakable by considering all possible ways 
of breaking X. Note that the running time of the following algorithm is exponential in the size of 
the set, but we will use it only on unbreakable sets of bounded size. 

Lemma 4.6. There is an algorithm that, given a graph G and a set X £ V(G) and a m e N, either 
computes a separation ofG of order < m that breaks X or correctly decides that \X\ is m-unbreakable 
in time 3^n°^ . 

Proof. The algorithm goes through all partitions (Xa, Xq,Xb) of X and tries to find a set Yq £ 
V(G) \ Xq of size < m - \Xq\ such that Q := Xq u Yq separates Xa from Xg, or in other words, 
Yq separates Xa from Xb in G \ Xq. Finding such a set can be done using standard polynomial- 
time minimum cut algorithms. If it succeeds to find such (Xa,Xq,Xb) and Yq, then it returns a 
separation (A, B) with V{A) n V{B) = Q such that A contains all connected components of G \ Q 
that have a nonempty intersection with Xa and B contains the remaining connected components 
of G \ Q. If the algorithm fails to find (Xa, Xq,Xb) and Yq, then it correctly concludes that X is 
to- unbreakable. □ 

It is not difficult to see that a large unbreakable set is an obstruction for having small treewidth, 
that is, for having a tree decomposition where every bag has small size. Therefore, it is not surprising 
that the proof of the first local decomposition lemma is very similar to algorithms finding tree 
decompositions. 

Lemma 4.7 (Bounded-size star decomposition). For every m e N, there is a constant b*(m) 
such that the following holds. There is an /(to) • |y(G)|°( 1 ) time algorithm that, given a graph G, 
an integer m, a set X of size < 3m - 2, and an integer k, 

(1) either finds an m-unbreakable set X' 2 X of size 3m - 2. 

(2) or computes a star decomposition Y>x = (Tx,ctx,o~x) °f G u having adhesion < 3m - 2 
such that X c f3x(s) and \/3x(s)\ < b*(m) for the center s ofTx- 
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X 






(i) 






► 



Star decomposition with 
bounded-size center 



m- unbreakable set X 






(ii) 






► 



Star decomposition with 
i^ e -minor free center 



m-unbreakable set X 
.fQ-minor m-attached to X 



Lemma 14.101 



(iii) 



Star decomposition with 
almost bounded-degree center 



-K^-subdivision 



Figure 4.1. The three decomposition lemmas in the proof of Local Structure Theorem 4.2 
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Proof. Let b*{m) = 4m-3. If |V(G)| < 3m-2, then we can return a star decomposition consisting of 
a single center node s with = V{G) and <t(s) = 0. Otherwise, let X' be an arbitrary superset 



of X having size 3m - 2. Let us use the algorithm of Lemma 4.6 to test if X' is m-unbreakable; if 
so, then we can return X' and we are done. Otherwise, there is a separation (A, B) of G having 
order < m such that \{X' n V(A)) u Q|, \(X' n V(B)) u Q| < \X'\ = 3m - 2 for Q = V(>4) n V(-B). 
Let us construct a star decomposition Sx = (Tx,ctx,o~x) with center s and a tips i^, ie. First, 
let a(s) = V(G) and a(s) = 0. Let = V(A) \(Qu X') and <r(t A ) = n V(A)) u Q|; it is 

clear that \a(t A )\ < 3m - 2. Similarly, let a(t B ) = V(B) \ (Qu X') and <r(t B ) = |(X'n V(-B)) u Q\. 
It is straightforward to verify that this is indeed a star decomposition with adhesion < 3m - 2. 
Furthermore, |/3(s)| = \Q u Z'| < m - 1 + 3m - 2 = b*{m). □ 

The second local decomposition lemma takes an unbreakable set X of appropriate size, and 
either finds a star decomposition where the torso of the center node excludes some minor or finds 
a large clique minor. Furthermore, this clique minor has the additional property that it is close to 
the unbreakable set X in the following sense: 

Definition 4.8. Let I be an .ff-minor image in G and let X be a set of vertices. We say that I is 
m-attached to X if there is no separation (A,B) of order < m such that I(v) 9 V(A) s V(B) for 
some v 6 V(-ff) and |(V(S) nl)u V(j1 n B)\ > X. 

In particular, if X is an m-unbreakable set and / is m-attached to X, then whenever I(v) 9 
V{A) \ V{B) for some v e V(H) and separation (A, B) of order < m, then we know that |(1^(^4) n 
X) u V{A n _B)| > X. Thus in every every separation, / is on the same side as the larger part of X. 

Lemma 4.9 (Excluded-minor star decomposition). For every £, m e N, there is a constant 
e*(£,m) such that the following holds. There is an f(£,m) ■ \ V(G)\°^ time algorithm that, given 
a graph G, integers £, m, and an m-unbreakable set X of size 3m - 2 

(1) either finds a Kg-minor image I in G that is m-attached to X, 

(2) or computes a star decomposition Sx = (Tx, oixi a x ) of GuK[X] having adhesion < \X\ such 
that X c f3x(s) and tx(s) does not contain a K e *u m y minor for the center s ofTx- 

Furthermore, suppose that the algorithm computes Y^x on input (G,X) and let (G',X r ) be a pair 
such that there is an isomorphism f from G to G' with f{X) = X' . Then the algorithm computes a 
star decomposition Yf x , on input (G' ,X') and there exists an isomorphism g from Tx to Tx> such 
that for all t e V(Tx) we have ax'(g{t)) = f(ax(t)) and ax'(g(t)) = f(ax(t)). 

Lemma |4.9| states an invariance condition saying that for isomorphic input the decomposition 
is isomorphic. This condition is not required for the proof of the Global Structure Theorem |4.1[ 



but will be essential for the proof of the Invariant Decomposition Theorem 8.6 in Section [8j Note 
that Lemma 14.71 does not state such an invariance condition and in fact there does not seem to be 
an obvious way of ensuring invariance (for example, already the selection of X' in the first step of 
the proof is completely arbitrary and hence cannot be done in an invariant way). This is precisely 
the reason why we need to use the more general treelike decompositions in Sections [8}|9] if we want 
the construction to be invariant. 



The proof of Lemma 4.9 is deferred to Section 6.2 The algorithm repeatedly finds i^-minor 
images and tests if they are m-attached to S. If so, it returns it, otherwise there is a separator that 
we can use to decrease the bag of the center in such a way that this particular image is no longer 
in the torso of the center. The main technical challenge is to ensure that the torso operation does 
not create new clique minor images when decreasing the size of the bag. 
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The third and final decomposition lemma takes a clique minor image I attached to an un- 
breakable set S and finds either a star decomposition where the torso of the center has "almost 
bounded degree" (that is, bounded degree with the exception of a bounded number of vertices) or 
a subdivision of a clique. 

Lemma 4.10 (Bounded-degree Star Decomposition). For every k e N, there exist constants 
c*(k), d*(k), m*(k), l*(k) such that the following holds. There is an f{k)\V{G)\° {1) time algo- 
rithm that given a graph G, integer k, an m-unbreakable set X of size 3m - 2 (for m ■- m*(k) ) and 
an image I of Ki that is m-attached to X (for I := £*(k) ), 

(1) either finds a subdivision of in G, 

(2) or computes a star decomposition Sx = (Tx,o~x,ctx) of G u K [X] having adhesion < \X\ 
such that X <= /3(s) and at most c*{k) vertices of t{s) have degree greater than d*{k) in t(s), 
where s is the center ofTx- 

Furthermore, suppose that the algorithm computes £x on input (G,X) and let (G',X r ) be a pair 
such that there is an isomorphism f from G to G' with f{X) = X' . Then the algorithm computes a 
star decomposition Ti' x , on input (G',X') and there exists an isomorphism g from Tx to Tx' such 
that for all t e ViTx) we have crx'(g(t)) = f(crx(t)) and ax'(g(t)) - f(ctx{t)). 



The proof of Lemma 4.10 is deferred to Section |6.3[ The main idea is that we are trying to 



remove every high-degree vertex from the bag of the center using appropriate separations. If there 
are at least k high-degree vertices that cannot be removed this way, then these vertices are close to 
the clique minor image /, and we can use this fact to construct a subdivision of a clique. 



With the three local decomposition algorithms of Lemmas 4.7-4.10 at hand, we are ready to 



prove Local Structure Theorem 4.2 



Proof of Local Structure Theorem\j^2\ Let c(k) = c*(k), d(k) = d*(k), i = i(k) = t(k), m = m(k) = 
m*{k) using the functions c* , d* , I*, m* in Lemma 4.10 Let e{k) = e*(£,m) for the function e* in 
Lemma 4.9 Let b(k) = b*(m) for the function b*(k) in Lemma |4.7| Let a(k) = 3m - 3. Note that 
b*(m) > 3m - 3 in Lemma |4.7| otherwise, neither [(1)| nor [(2)| would be possible if X - V(G) and 
\X\ = 3m - 3. Thus we can assume b(k) > a(k). 

If S = V(G), then we can return a star decomposition consisting of a single center node s 
with a(s) = V{G) and o~(s) = (here we use that b(k) > a(k) > \S\). Let X := S u {v} for an 



arbitrary vertex v £ S. Let us call the algorithm of Lemma 4.7 on G, X, and m. If it returns a 
star decomposition T,x = (Tx, ax, o~x), then we return it and we are done. Note that in this case 
v e X c j3x(s) for the root s of Tx, thus v ax(t) for any tip t of Tx, which means that the 
requirement ax(t) c ax(s) indeed holds. Otherwise, let X' be the m-unbreakable superset of X 
returned by the algorithm. Let us call the algorithm of Lemma 4.9 with G, I, m, and X' . Again, 
if it returns a star decomposition, we are done. Otherwise, it returns a iQ-minor image I that is 



m-attached to /. Let us call the algorithm of Lemma 4.10 with G, k, X' , and /. It returns either 
a iffc-subdivision or a star decomposition; we are done in both cases. □ 

5 Tangles 

In the proofs of the local decomposition lemmas (Section [6|, we need to deal with separations that 
separate some set from (the larger part of) an unbreakable set. Robertson and Seymour [2T] defined 
the abstract notion of tangles, which is a convenient tool for describing such separations. While 
in principle our results could be described without introducing tangles (in particular, we are not 
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using any previous results about tangles), we feel that they provide a convenient notation for our 
purposes, and they make our results slightly more general. 

Let m e N \ {0}. A tangle of order m in a graph G is a set % of separations of G of order < m 
such that the following axioms are satisfied: 

(TA.l) For every separation (A,B) of G of order < m, either (A, B) e X or {B, A) e X. 
(TA.2) For all (A 1 ,B l ),(A 2 ,B 2 ),(A 3 ,B 3 ) elii holds that A 1 uA 2 uA 3 ± G. 
(TA.3) For all (A,B) e 1 it holds that V(A) * V(G). 

Intuitively one can think of each separation (^4, B) in the tangle X as having a "small side" A and 
"big side" B. 

In this paper, we only consider tangles of a special form. These tangles are defined by unbreak- 



able sets (in the sense of Definition 4.5). 



Lemma 5.1. Let X be an m-unbreakable set of size at least (3m - 2) in graph G. Let X contain 
every separation of order < m such that \{X n V(B)) u V{A n B)\ > \X\. Then X is a tangle of 
order m in G (and we call it the tangle of order m defined by the set X). Furthermore, for every 
separation (A,B) eZit holds that \V(A)nS\ < \V(AnB)\ <m. 

Proof. Let us first observe that for every separation (A, B) e I with Q := V(A n B) we have 
|V(-A) n X\ < \Q\ < m — 1: otherwise, we would have 

\(Xn(V(B) \ V(A)))uQ\ < \X\ - \V(A) nX\ + \Q\ < \X\ - \Q\ + \Q\ = |X|, 

contradicting the assumption that {A, B) e T. In particular, this makes it impossible that V(A) = 



V(G), proving (TA.3) 



To see that T satisfies (TA.2), let (Ai, B\), (A 2 , B 2 ), (A 3 , B 3 ) e T. By our observation in the 



previous paragraph, we have |V(^4i) n X\ < m — 1 for i - 1,2, 3, thus 

|(V(i4i) n X) u (V(A 2 ) nX)u (V(A 3 ) n X)\ < 3m - 3 < \X\. 
Therefore, X $ V(A 1 uA 2 u A 3 ), implying pA. 2) | 



Finally, (TA.l) follows immediately from the fact that X is m-unbreakable. □ 



The size of a tangle (even of small order) can be exponential in the size of the graph. Therefore, 
when stating algorithmic results that take a graph and a tangle as input, we have to state how the 
tangle is represented. To obtain maximum generality of the results, we assume that the tangle is 
given by an oracle. We define two type of oracles. The first type simply answers if a separation 
(A,B) is a member of the tangle. However, in applications we often need to find a separation 
of small order in the tangle that separates two given sets S and T. The min-cut oracle answers 
queries of this type. Note that there are more than one natural way of defining such oracles, in 
particular, we might want to allow or forbid the separator V(j4) n V{B) to intersect S and/or T. 
We define the min-cut oracle in a way that includes all these possibilities: the query contains a set 
F of forbidden vertices and we require the separator to be disjoint from F. 

Definition 5.2. Let T be a tangle of order k in a graph G. 

(1) An oracle for X answers in constant time whether a given separation (A, B) is in %. 

(2) Given sets S,T,F £ V(G) and an integer A < k, a min cut oracle for X returns in constant 
time either a separation (A, B) e 1 of order at most A such that S £ V{A), T £ V(B), and 
V{A) n V{B) n F = 0, or "no" if no such separation exists. 
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For tangles denned by unbreakable sets it is easy to implement both type of oracles: 

Lemma 5.3. Let X be an m-unbreakable set of size at least 3m -2 in a graph G and let T be the 
tangle of order m defined by X . 

(1) The oracle for T can be implemented in polynomial time. 

(2) The min cut oracle for % can be implemented in time 2^1 • ^(G)! ^. 

Proof. To implement the oracle, all we have to do is to check if \X n V{B \ A)) u V{A n B)\ > \X\, 
which can be clearly done in polynomial time. 

To implement the min cut oracle, observe that the answer for a query S, T, F, A is yes if and 
only if there is a separation (A,B) with separator Q = ^(^4) n V{B) satisfying 

(1) Sc V (A), 

(2) Tc V (B), 

(3) QnF = 0, 

(4) |Q| < A, and 

(5) there is a set X' c X of size at least \X\ - \Q\ with X' c V(B) \ V{A). 

In this case, (A,B) e T and satisfies the requirements. To find such an (A, B), we guess the size 
of \Q\ (at most A + 1 possibilities) and the set X' (at most 2^' possibilities). For every such guess, 
we check if there is a Q of the given size that is disjoint from F u X' and separates S from T u X' . 
This can be checked using standard minimum cut algorithms in polynomial time. If we find such 
a set Q for at least one of the guesses, then we can return a separation (A, B) e % satisfying the 
requirements. If there is no such Q for any of the guesses, then the answer is no. □ 

5.1 Boundaries and separations 

In this section, we summarize some useful properties of boundaries of sets and their relations to 
tangles. These facts will be used extensively in Section [6} 

Recall that d G (X) = \N G (X)\. The following lemma states that the function d satisfies the 
submodular inequality and a variant of the posimodular inequality: 

Lemma 5.4. Let G be a graph and X,Y £ V(G). 

(1) d(X) + d(Y) > d(X nY) + d(X uY). 

(2) d(X) + d(Y) > d(X \ N G [Y]) + d(Y \ N G [X]). 

Proof. Both statements can be proved by checking that the contribution of each vertex to the 
right-hand side is at most the contribution to the left-hand side. This can be verified by a simple 
case analysis. 

(1) Any vertex that contributes to one of the terms on the right-hand side (i.e., appears in 
N G (XnY) or in N G (XuY)) has to appear either in N G (X) or in N G (Y), and therefore contributes 
at least one to the left-hand side. Furthermore, if a vertex v appears in both N G (X n Y) and 
N G (X u Y), then it is easy to check that v e N G (X) and v e N G (Y). 

(2) If v e N G (X \ N G [Y]), then either v e N G (X), or v e iV G [T]. Note that there is no edge 
between X \ N G [Y] and Y, thus in the latter case v e N G (Y) holds. Similarly, v e N G (Y \ N G [X]) 
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implies that either v e N (Y) or v e N G (X). Finally, we claim that if v e N G (X \ N G [Y]) and 
v 6 iV G (y \ X G [X]) both hold, then u e X G (X) and u e N G (Y). Suppose that v { N G (X); by 
v e N G (X \ N G [Y]), this is only possible if v 6 X. Every neighbor of t> is in iV [X], thus u has no 
neighbor in Y \ N G [X], contradicting the assumption that v e N G (Y \ N G [X]). □ 

We often work with separations that separate a subset of vertices from the rest of the graph: 

Definition 5.5. Let G be a graph and X £ V{G). Then we define the separation Sg{X) = (A,B) 
by A = G[N G [X]], V(B) = V(G) \ X, E(B) = E(G) s E(A). 

Note that the order of S G (X) is exactly <9 G (X). 

The following observation, together with Lemma |5.4[ will allow us to use uncrossing arguments 
in Section [6) 

Lemma 5.6. Let % be a tangle of order m in graph G and let X, Y £ V{G) be sets such that 
S G (X),S G (Y)e1. 

(1) For every X' c X, if S G (X') is of order < m, then S G (X') e %. 

(2) If S G (X n Y) is of order < m, then S G (X nY) el. 

(3) If S G (X u Y) is of order < m, then S G (X uY) el. 

Proof. (1) Let S G (X) = (A,B) and S G (X') = (A',B')\ note that B' 3 B If (A 1 , B') j. 1 and has 
order < m, then (B', A') e T by |(TA.l)[ But then AuB' lAuB = G and |(TA.2)| is violated. 

(2) Follows from (1). 

(3) Let S G (X) = (A X ,B X ), S G (Y) = (A Y , By), and S G (XuY) = (A XuY , B XuY ). If S G (XuY) f 
1 and h as order < m, then (l?xuY , A XuY ) e 1 by |(TA.l) We claim that Ax u A Y u -Bxuy = G, 
violating (TA.2) Consider an edge e e E(G). If e has an endpoint in X, then e e £'(G[A rG [X]]) = 
E(A X ). Similarly, if e has an endpoint in Y, then e e £(G[X G [Y]]) = E(A Y ). Finally, if e 
does not have an endpoint in X u Y, then e { £'(G[X G [X u K]]) = E(A XuY ), implying that 
e e E(B XuY ) = E'(G) \ £(A Xu y). We can conclude that = E(A X ) u u E(B XuY ). A 
similar argument shows that V{G) = V{A X ) u V{A Y ) u V(B XuY ). □ 

We say that a separation removes a set X c V(G) if X £ V(A) s V(B). Note that Sg(W) 
removes X if and only if X c W. It follows from Lemmas |5.4| and |5,6| that for every set X, there 
is a unique "closest minimum cut" of the tangle that removes X: 

Lemma 5.7. Let T be a tangle of order m in a graph G. Suppose that X ^V(G) is a set such that 
there is aW £ V{G) with X c W and S G {W) e T. TTien i/iere is a unique W{X) £ V{G) such that 

(1) X c W(X) ; 

^ 5 g WI))eI, 

i/ie order of S G (W(X)) is minimum possible, and 

(4) among such sets, \W(X)\ is minimum possible. 

Furthermore, given a min cut oracle for %, this unique minimal set can be found in polynomial 
time. 
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Proof. Let mo < m be the minimum possible order of a separation Sq(W) e T over all W containing 
X. To prove the uniqueness of W(X), we show a stronger statement: there is such a W{X) with 
the property that W{X) 9 W for every W 2 X with Sg(W0 e T and <9(W) = mo- To prove this 
statement, suppose that Wi, W 2 2 X are sets such that Sg(Wi), Sg(W2) e % both have order mo- 
By Lemma |5.4[ 1), 

2m = 8(Wi) + d(W 2 ) > d(Wi n W 2 ) + d(W x u W 2 ). 

Observe that Wi n W 2 and Wi u W 2 both contain X. If d(W\ u W 2 ) < m , then S G (Wi u W 2 ) e 1 by 
Lemma [o\6^ 3), contradicting the minimality of the order of Sg(Wi) and Sg(W 2 ). If <9(Wi u W 2 ) > 
mo, then d(Wi n W 2 ) < mo- By Lemma [5\6^ 2), Sg(Wx n W 2 ) e T, its order is not larger than the 
order of Sg(Wi) and Sg(W 2 ). Thus the intersection of the two sets is also a set satisfying the 
requirements. It follows that the common intersection of every Wi 2 X such that d(Wi) = mo and 
SciWi) e T is the required minimal set W(J). 

To find this unique set W(X), we let S ■= X, initially define T = 0, and use the min cut 
oracle to check if there is a separation (A,B) of order at most A with X £ V(A), T £ V(B), and 
V(A) n V(S) disjoint from F := X. Let us fix the smallest A for which the answer is yes: then the 
min cut oracle returns a separation {A, B) e T, such that W := V(-A) n V{B) satisfies the first three 
properties above. To ensure that the last property holds as well, we pick a vertex v e W, and call 
the min cut oracle to check if there is a separation (A',B') e % of order A such that X £ V(A'), 
Tu {v} c V(B'), and V(A') n V(S') disjoint from X. If there is such a separation, then we include 
v in T, and repeat this process with the new separation (A' , B'). As the size of T strictly increases, 
eventually we arrive at a set W such that including any vertex v e W into T increases the minimum 
cut size to above A. We have seen that this set W contains the unique minimal set W{X) defined 
above. Furthermore, W = W{X) has to hold: otherwise, including a vertex v € W \ W{X) into T 
would not increase the minimum cut size. □ 

The following observation is immediate: 

Proposition 5.8. If G[X] is connected, then G[W(X)] is connected. 

Proof. Suppose that G[W(X)] is not connected. Since X £ W(X), there is a component C of 
G[W(X)] containing C. Clearly, N G (C) c N G (W(X)), thus d(C) < d(W(X)). Together with 
C c W(X), this contradicts the minimality of W(X). □ 



6 Proofs of the Local Decomposition Lemmas 



This section completes the proof of Global Structure Theorem |4.1| by proving Lemmas 4.9 and 4.10 



First, in Section 6.1 we describe a useful tool (taken from [22J): using a clique minor as a "crossbar" 



to connect a set of vertices. The proofs of Lemmas |4.9| and |4. 10 are contained in Sections 6.2 and 
6.3 respectively. 

We prove variants of Lemmas |4.9| and |4.10 stated in terms of tangles instead of unbreakable 
sets (Lemmas 6.10 and 6.12, respectively); the proofs of Lemmas 4.9 and 4.10 follows easily from 



these variants. The statements involving tangles need the following definitions: 

Definition 6.1. Let T, T' be tangles in graphs G,G', respectively. An isomorphism from (G,T) to 
(G',1') is an isomorphism / from G to G' such that for all (A,B) e T we have (f(A),f(B)) e %' . 

Definition 6.2. Let S = (T, f3) be a star decomposition of graph G and let T be a tangle of 
G. We say that S respects T if for every tip t of T the separation (A, B) with A = G[7(i)] and 
V(B) = V(G) \ a(t) is in T. In particular, this implies SG(ct(t)) e T and \cr(t)\ is less than the 
order of X. 
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6.1 Using a clique minor 

The following lemma follows from |22[ (5.3)]: 

Lemma 6.3 (|22j). For every r e N, there is a constant t(r) = 0(r 2 ) such that the following 
holds. Let G be a graph and R £ V{G) with \R\ = r. Let t > t{r) and let (Pj)j 6 m be an image of a 
Kt-minor in G. Suppose that there is no separation (Gi,C?2) of G of order < \R\ with R c V(G\) 
and BbnV(Gi) = for some b e [t]. Then there is a K\ R \-minor image in G such that every branch 
set contains exactly one vertex of R and such an image can be found in polynomial time. 

In fact, [22l (5.3)] gives a better constant t(r) = 0(r). For completeness, we give a short and 



self-contained proof of Lemma 6.3 here. We need the following lemma first: 



Lemma 6.4. Let G be a graph and R c V{G). Let £ > \R\, and let (-Bj)j 6 m be an image of a 
K^-minor of G. Suppose that there is no separation (Gi,^) of G of order < \R\ with R £ V{G\) 
and Bb n V(G±) = for some fee [£]. Then there are pairwise vertex disjoint paths Pi, . . . , P\r\ 
such that 

(1) The first endpoint of each Pi is a vertex of R. 

(2) The second endpoint of the Pi 's are in distinct branch sets. 

(3) The \R\ paths intersect exactly \R\ branch sets. 

Proof. Let bi be an arbitrary vertex of B>i. By Menger's Theorem, we get that either there are \R\ 
vertex disjoint paths Pi, . . . , P\m such that Pj connects R and bi, or there is a separation (G\, G2) 
of order < \R\ such that every bi is in G<i- Now |V(Gi) n V[G2)\ < \R\ means that there is a Bi 
that is disjoint from V(G\) n V{G2) and bi is in Gi- However, since Bi is connected, this would 
imply that Bi is fully connected in V(G%) s V{G\), contradicting the assumption of the lemma. 
Therefore, there exists paths Pi, . . . , P^ that satisfy the first two conditions. In order to ensure 
that the third condition holds, pick a path Pj and, if possible, shorten it such that its new second 
endpoint is in a branch set different from where the second endpoints of the other paths are. If it is 
not possible to shorten any of the paths this way, then no path visits a branch set other than where 
the endpoints of the other paths are. In other words, the paths visit exactly \R\ branch sets. □ 



Proof of Lemma 6.3. Let t(r) - r +r. Let / = (B r ) r6 r t y For i = 1, . . . , r, we define B l and P as 
follows. We use Lemma 6.4 to obtain a collection Vi of paths between R and branch sets in I . 



Let B % be the set of branch sets that the paths in Vi intersect and let P obtained by removing B l 
from I . As t > t(r) - r 2 + r, I r is well defined and has at least r branch sets. 

Let G' obtained from G by contracting each branch set of I r into a single vertex. Let v\, . . . , 
v r be contracted versions of r branch sets of I r . Suppose that there are vertex disjoint paths Pi, 
. . . , P r in G' such that Pj connects R and Uj. Let Si be the union of V(Pj) and the uncontracted 
version of Vi in G. Clearly, the Si's are vertex disjoint and they form the required K r -mmor image. 

Suppose that there are no r vertex disjoint paths connecting r and {vi, . . . ,v r } in G' . By 
Menger's Theorem, this means that G' has a separation G' 2 ) of order < r such that R £ V(G[) 
and {v\, . . . , v r } £ V(G' 2 ). Therefore, there is a Vj in V(G' 2 ) \ V(G[). For every 1 < i < r, the branch 
sets in B l and the paths in Pj are disjoint from the branch sets in I r , hence these sets and paths 
still appear in the contracted graph G'. As the sets B l , . . . , B r are disjoint, there is a 1 < i < r 
such that V(G[) n V(G' 2 ) is disjoint from the r branch sets in B % . This means that these branch 
sets are fully contained in V(G 2 ) \ V(G' 1 ): they cannot be contained in V(G[) n V(G 2 ), since 
they are adjacent to Vj. Therefore, each of the r vertex disjoint paths in V 1 have to go through 
V(G[) n V(G 2 ), which is of size < r, a contradiction. □ 
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6.2 Star decomposition with clique-minor free center 

We prove Lemma |4.9| in this section. First we prove a variant of the lemma stated in terms of 



tangles (Lemma 6.10) and then deduce Lemma 4.9 it at the end of the section. 



Recall that a separation (^4, B) removes a set X if X c V{A) \ V(B). We say that a separation 
(A,B) removes the .ff-minor image I = (Iw)weV(H) if it removes one of the branch sets, that is, 
I w £ V(A) \ V{B) for some w e V(H). A tangle X in G removes an H -minor image I if J is 



removed by some (A,B) e X with order < \H\. The following lemma is analogous to Lemma 5.7 
for every clique minor, there is a unique "closest minimum separation" that removes it. 

Lemma 6.5. Let X be a tangle of order m in a graph G and let e > 2m. For every image I of K e 
in G removed by X, there is a unique W{I) £ V{G) such that 

(1) S G (W(I)) removes I, 

(2) S G {W(I))z% 

(3) the order of S G {W{L)) is minimum possible, and 

(4) among such sets, \W(I)\ is minimum possible. 

Furthermore, G[W(I)] is connected and there is a polynomial-time algorithm that, given G, m, I, 
and a min cut oracle for X, either finds W{I) or concludes that X does not remove I. 

Proof. As X removes I, there has to be at least one separation (A, B) e T that removes /. Thus 
the set W = V(A) \ V(B) is one such set. To prove the uniqueness, suppose that there are two 



distinct minimal sets X and Y. By Lemma 5.4 1), either d(X nF)< d(X) or d(X uY)< d(Y). 

Suppose first that d(X n Y) < d(X) < m. By Lemma [B\6^2), S G (X nfjfl We claim that 
Sg(X r\Y) removes /. As both Sg(X) and Sg(Y) remove /, there are vertices x,y e V(K e ) such 
that V{I X ) £ X and V{I y ) £ Y. Since d(X),d(Y) < m and e > 2m, there is a vertex z e K e such 
that V(I Z ) is disjoint from N G (X) u N (Y). As K e is a clique, a vertex of V(I Z ) has to be adjacent 
to V(I X ) £ X, which is only possible if this vertex is also in X (since it cannot be in N G (X)). It 
follows that V{I Z ) is fully contained in X. A symmetrical argument shows that V{I Z ) c Y. Thus 
V(I Z ) cXnY, i.e., S G (X nY) removes /. Therefore, XnY c X and d(X nY) < d(X) contradicts 
the minimality of X. 



Suppose now that d(XuY) < d{Y) < m. By Lemma [5Td[3), S g (XuY) e %. Clearly, S G (XuY) 
removes I (as any branch set contained in X or Y is also contained in X uY). Therefore, X uY 
contradicts the minimality of Y. 



To check if an image / is removed by T, we use the algorithm of Lemma 5.7 to compute the 
set W(I V ) for every v e V(K e ) (if such a set exists). If T removes /, then at least one of these sets 
should exist. Furthermore, if X removes I, then it should be clear that W{I) is equal to one of these 
sets W{I V ): if W{I) contains I v , then it cannot be different from W(I V ) (as it would contradict 
the minimality and uniqueness of either W(I) or W(I V )). As W(I V ) is connected by Prop. 5.8, it 



follows that W(I) is connected as well. □ 



A simple uncrossing argument shows that the minimum separations defined in Lemma 6.5 
cannot properly intersect each other: 

Lemma 6.6. Let % be a tangle of order m in a graph G and let e > 2m. Let L x and L y be two 
K e -minor images removed by X. Then either 

(1) W(L X ) c W(I y ), 
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(2) W(I X ) 2 W(P), or 



(3) W(I X ) and W(I y ) are disjoint and do not touch. 

Proof. Let X ■- W{I X ) and Y ■= W{I y ) and suppose that none of the three possibilities hold. 
Assume first that I x has a branch set fully contained in X n Y c X. If d{X c\Y) < d{X) < m, then 
Sc(Xr\Y) 6 T by Lemma[5^6|2) and Sc(Xr\Y) removes I x , contradicting the minimality of W(I X ). 



Thus we can assume that d{X r\Y) > d(X). By Lemma 5.4 it follows that d{X uY)< d{Y) < m. 
Therefore, Sg(X u Y) is in T by Lemma |5.6[ 3) and it clearly removes I v (since Sq(Y) already 
does), contradicting the minimality of Y = W{T y ). 

We have proved that I x has no branch set fully contained in XnY, and a symmetrical argument 
shows that I y has no such branch set either. By Lemma |5.4| (2) , either d(X) > d(X \ N[Y]) or 
d(Y) > d(Y \ N[X]). Assume without loss of generality the first case. Consider a branch set If 
of I x fully contained in X (such a set exists, as Sg(X) removes I x ) and a branch set If disjoint 
from N G (X) u N G (Y) (since e > 2m, there has to be such a set). The branch set If has a vertex 
adjacent to If £ X. Since If is disjoint from N G (X), this is only possible if If is fully contained 
in X. Moreover, we assumed that If is disjoint from N G (Y) and it is not fully contained inXn7, 
thus If is fully contained in In iV G [Y], that is, the separation Sg(X \ N G [Y]) removes I x . 
Note that X \ N G [Y] is a proper subset of X, otherwise X and Y are disjoint and do not touch. 
Lemma|5.6[l) implies that Sg(X \ iV[Y]) e T, and therefore X \ iV[Y] c X violates the minimality 



of X = W(I X ). □ 



Another useful property of the definition of minimum separation in Lemma 6.5 is that if W(I) = 
(A,B), then the clique minor I allows us to connect vertices of V{A) n V{B) with paths in A in 
an arbitrary way. We use the following definition to state this property: 

Definition 6.7. We say that a separation (A, B) of order m is generic if there a If m -minor image 
in A such that each branch set contains exactly one vertex of V(A)r\V(B). Such an image is called 
a witness. 

Lemma 6.8. Let T be a tangle of order m in a graph G and let e > t{m) + m for the function t 



of Lemma 6.5 For every image I of K e in G removed by %, the separation Sg{W{I)) is generic. 



Furthermore, given I and a min cut oracle for T, a witness can be found in polynomial time. 

Proof. Let S G {W{I)) = (A,B) and R = V(A)nV(B). By definition, (A,B) removes I, thus at least 
one branch set of I is contained in V{A) \ V{B) and at most \R\ < m branch sets intersect R. Thus 
at least t{m) branch sets are fully contained in 1^(j4) \ V{B). Therefore, A contains a I^( m )-minor 



image I'. We verify that the conditions of Lemma 6.3 hold for graph A and set R. Suppose that 
there is a separation (G\, G2) of order < \R\ with R<^G\ and I' w £ V(G2) ^ V(G\) for some branch 
set I' w of I' (which is also a branch set of I). Let X' = V(G 2 ) v V(Gi) c V(A) \ V(B) = W(I). It 
follows that Sg(X') has order < \R\ (which is the order of (A,B)) and is in % by Lemma |5.6[ l). 
However, Sg(X') also removes I, contradicting the minimality of W(I). We can conclude that 



A and R satisfy the conditions of Lemma 6.3 and the existence of the required IT|R|-minor image 



follows. □ 



It follows from Lemma 6.8 that if W{I) = (A,B), then removing V{A) \ V{B) and replacing 
V{A) r\V(B) with the clique If[^(A) nV(B)] does not create any new clique minor in B (because 
the edges in the clique if[V(.A) n V(B)] can be simulated by connections in A in the original 
graph). Repeated application of this observation shows that after removing all the clique minor 
images, we get a bag whose torso does not contain clique minors of the given size. 
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Lemma 6.9. Let T be a tangle of order m in a graph G and let e > t{m) + m for the function t 



of Lemma 6.3, Let I 1 , L p be K e -minor images removed by 1 Let W = Uf =1 W(P) and let 
G' = torso(G, V(G) \ W). The graph G' has a K e -minor P if and only if G has a K e -minor image 
L not removed by any Sc(W(L 1 )) . Furthermore, given a min cut oracle for T and such a model I , 
one can compute such an P in polynomial time and vice versa. 

Proof. We can assume that the sets W{L X ), W(L m ) are pairwise incomparable (because if 



6.6 



wc 



W(P) £ W(P), then omitting L % from this collection does not change W), thus by Lemma 
can assume that these sets are pairwise disjoint and do not touch. This means thati?, = N G (W(L 1 )) 



is a subset of V{G) \ W and induces a clique in G' . By Lemma 6.5, each G[W(P)] is connected. 
Thus G' = torso(G, V(G) \ W) is exactly the union of G s W with a clique on each Ri. 

Let /' be the image of a i^ e -minor in G'. Note that this is not necessarily a X e -minor image 
in G \ W as G' has edges that G \ W do not have. However, we can use the subgraph inside 



G[W(P)] to simulate these edges. By Lemma 6.8, every Sg(W(P)) is generic and we can obtain 



the corresponding clique minor images. This means that for each Ri, there is a set of r pairwise 
disjoint and touching connected subgraphs in G[./V G [W(-/" 1 )]]. Using these connected sets, we can 
extend each L' w of G' into a connected set L w of G and obtain a iT e -minor image I in G. 

For the reverse direction, let I be a iT e -minor image in G not removed by any Sg(W(P)). Let 
P be defined by L' w = L w \ W for every w e V(K e ). Note that V(I W ) * 0: this would be only 
possible if V{L W ) £ W{L l ) for some 1 < i < p, which would imply that Sg(W(L 1 )) removes /. We 
claim that V is a i^-minor image. The connectedness of L w is easy to see: any path with internal 
vertices in W(L l ) can be replaced by an edge in Ri (as Ri induces a clique in G'). To see that I' w 
and L' u touch for every w,u e V(K e ), consider an edge e between L w and L u in G. If both endpoints 
of e are in W(L l ) uRi, then L' w and L' u both intersect Ri, hence they touch. Otherwise, e is an edge 
of G \W, implying that it is also an edge of G'. □ 



Now we state and prove a version of Lemma 4.9 in terms of tangles: 



Lemma 6.10. For every l,meN, there is a constant e'(£,m) such that the following holds. There 
is an f(£,m)-\V(G)\°^ time algorithm that, given a graph G, £, m, a min cut oracle for a tangle 
T of order m, either 

(1) finds a K^-minor image I not removed by %, or 

(2) computes a T -respecting star decomposition = (T%, a%, a%) with center s such that t%(s) 
does not contain a K e i^ m yminor. 

Furthermore, if the algorithm returns £<j for (G,T) and %' is another tangle of order m in 
a graph G' , and f is an isomorphism from (G,T) to (G',T'), then the algorithm returns a star 
decomposition T>%i for (G',T') such that there is an isomorphism g from T% to T%i such that for all 
t e V(T%) we have cr v (g(t)) = f{a%{t)) and a v (g(t)) = f{a%{t)). 



Proof. Let e = e'(£,m) = max(^,i(m) + m) for the function t in Lemma |6.3| We show first that 
if T removes every i^ e -minor image (and therefore every iQ-minor image), then there exists a 
star decomposition satisfying the requirements. Suppose that X removes every i^ e -minor image, 
implying that W(L) is defined for every .Re-minor image /. Let / , . . . , L p be the list of all K, 



e 



minor images for which W(P) is inclusionwise maximal. By Lemma 6.6 W(L l ) and W(L J ) are 
disjoint and do not touch for i + j. Let W = Vj p =l W{L l ). We construct a star decomposition 
- (^X) cr X) a T) with center s and p tips U (1 < i < p). We set a%(s) = V(G), cr%(s) = 0, 
ai(U) = W(P), and a % (t t ) = N G (W(L 1 )). 
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It easy easy to verify that A is a tree decomposition: 
Claim 1. A satisfies properties [(TD.l)}|[TTl5j 



The definition of W{P) implies that Sg(W(P)) e % for every 1 < i < p. Therefore, 
Claim 2. A respects T. 

Claim 3. G' = t(s) = torso(G, V(G) \ W) does not contain a K e . 

Proof. If G' contains a X^-minor, then Lemma |6.9| implies that there is a i^ e -minor image I in G 
not removed by any of the separations S G (W(P)). However, this contradicts the assumption that 
I p is the list of all images for which W{P) is inclusionwise maximal. 

Algorithmically, we can find the set W defined above as follows. We construct collections 
I^dWc... ofK e -minor images, each of which is removed by T. We start with I^°) = 0. Given 
I<- j ), we construct I {j+1 ) as follows. Let W U) = U IeX U) W(T) and G U) = torso(G, VW) \ 



We test if has a K e -minor (using the algorithm of Theorem \2.1\f . By Lemma |6,9[ if there is 



a i^ e -minor model V in G^\ then there is a corresponding ET e -minor model P ^ of G which is 



not removed by Sq(W(I)) for any / e id) . Let us use the algorithm of Lemma 6.5 to compute 
the set W(ld'). If the algorithm returns that W(I^)) is not defined, that is, id) is not removed 
by X, then we can stop and return id) (or more precisely, as e > £, a restriction of id) to a Kg 
minor) and we are done. Otherwi se, l et us obtain pd +1 ) from id) by inserting id). Let us observe 



that W{I^)) $ WC?) : by Lemma Q W(jO')) c wCi) i s only possible if W{ld)) c W(J) for some 
J e XCi>, but this means that S'g(W(/)) already removes id) t a contradiction. It follows that 
WU) c After include id) into we repeat this procedure until we arrive to a j such 

that Gd) has no i^ e -minor. 

As the size of W {j ) strictly increases in each step, the process described above stops in at most 
|V(G)| steps with a Gd) that does not contain a X e -minor. 

Claim 4. WO') = W. 

Proof. Suppose that Wd ) + W , i.e., there is an image I* such that W(P) $ W ij ). bmce GV) has 



no K e -minor, by Lemma 6.9, there is an I e id) such that S G (W(I)) removes I* . As S G (W(I)) 
and Sg(W(I*)) both remove /*, the sets W(I) and W(P) both contain a branch set of I*, hence 
it is not possible that the two sets are disjoint and do not touch. Therefore, by Lemma |6,6[ one 
of the two sets is contained in the other. From W(I*) $ W^) , we know that W(I*) £ W(I) is 
not possible, hence we have W(I) c W(I*), implying that Sq(W(I*)) removes I as well. Now 
d(W(P)) < d(W(I)) would contradict the minimality of W(I) and d(W(I*)) < d(W(I)) would 
contradict the minimality of W(I*) (as |W(/)| < |W(7*)|). Thus we have proved that wd) obtained 
by this procedure is indeed the set W defined at the beginning of the proof. 

What remains to be proven is the invariance condition. Suppose that T' is another tangle of 
order m in a graph G' . Let / be an isomorphism from (G,X) to (G' ,%'). Let I = (Iv) V eV(K e ) De a 
iT e -minor image in G and let P = (f(I v ))veV(K e ) De the corresponding i*f e -minor image in G'. Let 



W(I) and W'(I') be the set given by Lemma 6.5 on / and P, respectively. 
Claim 5. W'(I') = f(W(I)). 

Proof. The definition of the set W{I) depends only on the branch sets of I, the tangle % and 
the graph-theoretical properties of G (size of the boundaries of certain sets etc.) and all these 
properties are preserved by /. 

Therefore, if {W (I 1 ) , . . . ,W (I p )} is the collection of inclusionwise maximal sets appearing 
in the definition of W for (G,T), then exactly {/(W^/ 1 )), . . . , f(W(I p ))} is the collection of 
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sets appearing in the definition of W. If follows that for every ti, there is a g{ti) such that 
a%{U) = W(P) and a v (g(U)) = f(W(P)). Moreover, a?(U) = N G (W(P)) and a v (g(U)) = 
N G (f(W(P))) = f(N G (W(P))) follows, as required. Setting g(s) = s' (where s' is the center of 
the decomposition of G' completes the definition of g. □ 



Finally, we can prove Lemma 4.9 by invoking Lemma 6.10 on the tangle defined by the un- 
breakable set X: 



Proof of Lemma 4-9. Let e*(£, m) = e'(£, m)+3m-2 for the function x' in Lemma 6.10 Let T be the 
tangle of order m defined by the m-unbreakable set X; Lemma [5 . 1 | provides an implementation of the 
min-cut oracle for X. Let us call the algorithm of Lemma [6.10| with G, T, £, and m. If it returns a JQ- 
minor image / not removed by T, then this is equivalent to saying that / is m-attached to X. Thus 



we can return / and we are done. Otherwise, the algorithm of Lemma 6.10 returns a T-respecting 
star decomposition = (T%, a%, a%) of G. We construct a star decomposition T,x - (Px,&x,o~x) 
as follows. First, let Tx - T% and for the center s of Tx, let aj(s) = V(G) and ax(s) - 0- For 
every tip t of Tx, we let ax(t) = a%(t) \ X and o~x(t) = a%(t) u (X n a%(t)). It is straightforward 
to verify that T,x is also a star decomposition of G, and in fact it is star decomposition even for the 
supergraph G u -ftT[X] (since X c fi x (s))- Note that t%(s) s X = Tx{s) s X (because the two bags 
differ only in the vertices of X and all the extra edges of Gui^[X] are incident to X). As t%(s) has no 
K e i(£ m ymmoj:, this means that tx(s) cannot have a clique minor of order e'(£, m) + \X\ = e(£, m), as 
required. Furthermore, as is T-respecting, it follows that |o"x(t)| < m and Sc(o:i(t)) e % for every 



tip t. By Lemma 5.1 this also means that |a<x(£) n ^| < m— 1 and therefore |o"x (£)| < m-l+m-1 < \X\. 
Thus the adhesion of Ex is less than \X\, as requiredQrhe invariance condition follows easily from 



the invariance condition of Lemma 6.10 if / is an isomorphism from G to G' with f{X) = X' 
and T and T' are the tangles defined by the unbreakable sets X and X' , respectively, then / is an 
isomorphism from (G, T) to (G",T'). □ 

6.3 Star decomposition with a bounded-degree center 



The proof of Lemma [4.10| has the same high-level strategy as the proof of Lemma 4.9 in Section 6.2 



we identify those parts of the graph that we want to exclude from the bag of the center (this time, 
the high-degree vertices) and we use an uncrossing argument to show that all of them can be 
removed more or less independently from each other. The uncrossing argument is somewhat more 
involved due to the technicality that a high-degree vertex can be part of the separator removing 
some other high-degree vertex. 

First we need the following lemma, which shows that all but at most k high-degree vertices can 
be removed by separations in the tangle, or we can find a ^-subdivision. 

Lemma 6.11. For every fceN, there is a constant £'{k) such that the following holds. For a graph 
G, integer k e N, tangle T of order at least k{k - 1), and an image I of Kgu^ not removed by 
%, let Z contain a vertex v e V(G) if v has degree at least k and either W({v}) is undefined or 
d(W ({«})) > k(k - 1). If \Z\> k, then given G, k, a min-cut oracle for %, and I, a subdivision of 
Kk in G can be found in polynomial time. 



1 This is the point (and the analogous argument in the proof of Lemma 4.101 where it becomes motived why we 
used the tangle T defined by the unbreakable set X. If we have no bound on |Q5:(t)nX|, then moving X to the center 
can increase the adhesion by up to \X\ = 3m - 2, which means that the bound on the adhesion would be larger than 



\X\. Therefore, the repeated application of this lemma in the proof of Global Structure Theorem 4.1 would increase 
the adhesion in each step. In all the arguments in the section, we were careful enough to use only separations that 
are in X, and therefore we have the bound that each child node contains at most m - 1 vertices of X. 
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Proof. Let £'(k) = t{k{k - 1)) for the function t in Lemma 6.3 We show that if \Z\ > k, then we 
can find a subdivision of in G. Let Zq be a subset of Z of size exactly k. Let G' be the graph 
obtained from G by extending each vertex z e Zq into a clique K z of /c- 1 vertices: for every z e Zq, 
we introduce k - 2 new vertices that are adjacent to each other, to vertex z, and to every neighbor 
of z. The clique K z contains z and these k - 2 new vertices. Let R ■- UzeZ -^z- 

Let I\ , . . . , In be the branch sets in the minor image /. Let us show first that the conditions 



of Lemma 6.3 hold for R in G' . Suppose for contradiction that (A',B r ) is a separation of G' 
of order less than \R\ = k(k - 1) with R c y(A') and I fe c y(S') \ V(A') for some 6 e [£]. Let 
Q' := y(-i4')nV(S') be the separator. Without loss of generality, we may assume that for all z e Zq, 
either K z n Q' = or K z £ Q'. Let A := ^4' \ (R \ Zq) and B := B' \ (R\ Zq) (i.e., we remove from 
Q' the extra vertices that were introduced in the definition of G'). Then (A,B) is a separation of 
G; let Q = V(A) n V(B) be the separator. Now it is clear that \Q\ < \Q'\ < k(k - 1). Furthermore, 
there has to be a vertex z e Zq which is not in Q: otherwise, Zq c Q implies that the size of Q' in 
G' is at least k(k - 1). Therefore, (A, B) is a separation of order < k{k - 1) with z e V(-A) \ V(5). 



This separation is in T: otherwise, (S, ^4) e T by (TA.l) (here we use that the order of T is at least 



m > k(k-l)) and /i 9 V(.B) means that T removes /, contradicting our assumption on /. It follows 
that (^4, B) e T is a separation of order < /c(/c - 1) with z e V(^4) \ V{B), contradicting z e Z and 
the definition of Z. Thus we can conclude that there is no such separation (G[, G' 2 ) of G' , and the 
conditions of Lemma 16.31 hold for Z and G' . 



Lemma 6.3 gives us a i^fc^-minor image, that is, for every q e R, a connected set I q such 
that these sets are pairwise disjoint and touch. Consider a partition of R into (2) classes, each 
of size 2, such that for every pair z\,zi e Zq of distinct vertices, there is a class of the partition 
containing a vertex of i\ e and a vertex of £2 6 -fCz 2 - (^- s the size of each K z is exactly k — 1, 
such a partition is possible.) We define a path P/ Zl Z2 } - ^1 u ^2 connecting 5i and Z2\ let T 3 ' be the 
collection of these paths. For each such path z ^ e "P' of G' , there is a corresponding path 
P{zi,z 2 } m ^ : whenever z ^ contains a vertex of some K z , then we replace it by z. Let V be the 
collection of these paths in G. As the paths V' are pairwise disjoint, the corresponding paths 
in V can intersect only in Zq. Therefore, we have k vertices Zq and a collection of internally 
pairwise disjoint paths that connect every pair of vertices in Zq. In other words, we have formed a 

topological minor image in G, which we can return. □ 



The following lemma is a version of Lemma 4. 10| stated in terms of tangles: 



Lemma 6.12. For every k e N there are constants m' (k) , £' (k) , d' (k) such that the following holds. 
There is a polynomial-time algorithm that, given a graph G, an integer k, min cut oracle for a tangle 
T of order m, either 

(1) finds a subdivision of in G, or 

(2) computes a ^-respecting star decomposition £<j = {T%,a%,a%) of G with center s such that at 
most k vertices of t%{s) have degree more than d{k). 

Furthermore, if the algorithm returns £3; for (G,T) and %' is another tangle of order m in 
a graph G' , and f is an isomorphism from (G,T) to (G',T'), then the algorithm returns a star 
decomposition £<£' for (G',T') such that there is an isomorphism g from T% to T%i such that for all 
t e V{T % ) we have a v (g(t)) = f(a-j(t)) and a v (g(t)) = f(a % (t)). 



Proof. Let £'(k) be as in Lemma 6.11 We will define later (in Claim E| a constant a depending 



on k; let m'{k) = max{k(k - l),a}. Let Z contain a vertex v e V{G) if v has degree at least k 
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and d{W{{v })) > k{k - 1). If \Z\ > k, then we can use the algorithm of Lemma 6.11 to return a 
subdivision of in G, and we are done. 

Otherwise, let L c V{G) be the set of vertices not in Z having degree at least k. For every 



v & L, let us use the algorithm of Lemma 5.7 to compute the unique minimal set W v = W({v}) (as 
v Z, such a set exists). By Prop. 5.8, G[Wu] is connected. 

Let W contain the inclusionwise-maximal sets in {W v \ v e L}; i.e., W v e W if and only if there 
is no u e L with W v c W u . Note that we define W such that it does not contain duplicate sets. 

Claim 1. Every b e V{G) appears in 0(k 2 ) members of W. 

Proof. For every W e W, let us choose a representative v e L with W = W v ; let M <= L be the set 
of selected representatives. We define a directed graph H on M where vu e E{H) if and only if 
7i e N G (W V ). Note that |iV G (W„)| < k(k - 1) implies that the outdegree of v is at most k(k-l) - 1. 
This further implies that the maximum clique size in the undirected graph H underlying H is at 
most 2k(k - 1) - 1: the average degree of every subgraph of H is at most 2k(k - 1) - 2. 

We show that the representatives of the sets in W containing b form a clique in H, thus by the 
argument in the previous paragraph, there can be at most 2k(k - 1) - 1 sets in W containing b. 
Consider two distinct vertices u,v e M with b e W u and b e W v . We claim that u and v are adjacent 
in the undirected graph H. Otherwise, u $ N G (W V ) and v £ N (W u )- We consider the following 
cases: 



Case 1: u e W u n W v . By Lemma 5.4 T), we have two possibilities: 



(1) d(W u u W v ) < d(W v ). In this case W u u W„ contradicts the minimality of W v (note that 
by Lemma [5^3), S G (W U u W„) e 1). 

(2) d(W u u W„) > SCWv) and d(W u n W„) < d(W u ). In this case, W u n W v contradicts the 
minimality of W u (by Lemma [5~6^ 2), Sq{W u n W„) e 1). 

Case 2: v e W u n W^. Similar to case 1. 

Case 3: u tW u \W v and v eW v \ W u . Let W' u := W U \N G [W V ] and := W V \N G [W U ]. Note that 
6 e W u n W„ implies that PF^ c W M and W v c W„. Furthermore, the assumptions n e l f M \ 



and u ^ iV (W v ) imply that u e W^, and we have u e VF^ in a similar way. By Lemma 5.4 2) 
either d{Wfi < d(W u ) or < d(W v ). If, say, 9(W^) < d(W u ), then 5 G (W^) e T follows 

by Lemma |5.6[1), contradicting the minimality of W u . 



Therefore, the vertices u of M for which b e VF U form a clique in ff, thus there are less than 2k(k— 1) 
such vertices. 

We define 

B:=(F(G)n [J VK)u (J N G (W) 



(see Figure 6.1 ). 



Claim 2. For every W e W, |A^ G [V^] n B| = 0(/c 6 ). 

Proof. Let us fix a W £ W. We bound first the number of sets Y" e W such that A rG (Y') intersects 
IF. As G[y] is connected and Y is not contained in W (by the definition of W), 1" has to contain 
a vertex 6 e N G (W). By Claim [IJ there are at most 0(k 2 ) sets in W containing a particular 
6 e iV G (IF). Together with |iV G (IF)| < k(k - 1), this gives a total bound of 0(k ) on the number 
of sets Y e W for which N G (Y) intersects W. As \N G (Y)\ < k(k - 1) for every Y e W, this 
means that IF contains at most 0(k®) vertices of B. Additionally, N G (W) can contain at most 
|iV G (IF)| < k(k - 1) vertices of B, and the claim follows. 
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Figure 6.1. Definition of the set B in Lemma 6.12 The four solid circles represent the sets W%, 
W2, W3, W4 contained in W. The dark gray area contains the boundaries of these sets. Set B 
(light and dark gray area) is defined to be the union of these boundaries and the area outside these 
sets. The six regions C%, . . . , Cg with dashed outline are the components of G \ B. 



Let Ci, . . . , C m be the connected components of G \ B. We construct a star decomposition 

= (T<z,<t%,cx%) with center s and p tips U (1 < i < p). We set a%(s) = V(G), <r%(s) = 0, 
a z (U) = C h and a % (U) = N G {d). 

It easy easy to verify that A is a tree decomposition: 



Claim 3. A satisfies properties (TD.l) - (TD.5) 



The following claim implies a bound on the adhesion of A: 

Claim 4- There is a constant a = 0(/c 6 ) such that |ox(ii)| < a for every 1 < % < p. 
Proof. The definition of B implies that for every t B, there is a W e W with t e W. As A rG (Ty) £ 
B, we have that a- x (U) c W„ and therefore ax(^) c Ar G [Ty,,]n5. By Claim§ |JV G [W«]n5| = 0(k 6 ), 
and we have the required bound on |crx(t)|. 

Using the bound on the adhesion, it is easy to show that A respects T: 

Claim 5. SciaiiU)) e X for every 1 < i < p. 

Proof. Recall that a%{ti) is disjoint from B and therefore it has to be fully contained in W v for 
some v 6 M: vertices outside every W v are in B and N G (W V ) £ B. The order of SG(a%(ti)) is 
exactly |<7x(i)|, which is at most a by Claim |4j As the order of X is m'(k) > a and a%(t) c W,,, 
^(Wi,) 6 T hold, Lemma [5^1) implies that Sc(c(%(ti)) el holds as well. 

The following claim proves the bound on the maximum degree: 

Claim 6. There is a constant d(k) = 0(k : ) such that every vertex v Z has degree at most d(k) 
in r(s), 

Proof. Let us observe first that for every TV e W, the graph r(s) has no edge between W n B and 
SsJV G [W]. To see this, recall that, for every 1 < i <p, a{ti) = N G (a<x(ti)), G[a<x(t')] is connected, 
and a%(ti) n B = 0. As N (W) £ .B, it follows that a%{ti) cannot have a neighbor both inside W 
and outside iV G [W]. Therefore, a(ti) is either a subset A^fVK] or disjoint from W. This means 
that in the definition of t(s), there is no clique that introduces an edge between a vertex in W and 
a vertex outside A rG [W A ]. 
Consider & u £ B \ Z . 
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Case 1: u e W for some W e W. By our observation above, every neighbor of u in r(t) \ Z is 
contained in iV G [W]. Therefore, Claim [2] gives a bound of 0(A; 6 ) on the degree of u in r(t). 

Case 2: u j. W for every W e W. As it ^ Z, this is only possible if the degree of u is at most k 
in G. Therefore, u is adjacent to at most k components of G s £>. Each new clique in r(t) 
corresponds to the neighborhood of such a component. Thus u is part of at most k cliques 
introduced in the definition of r{t). The size of each clique can be bounded by the adhesion 
of A, which is at most a by Claim |4j Therefore, k receives at most k ■ 0(k e ) new edges. 

What remains to be proven is the invariance condition. Suppose that X' is another tangle of 
order k in a graph G' . Let / be an isomorphism from (G,T) to (G',T'). Let B and B' be the sets 
computed by the algorithm on (G,T) and (G',T'), respectively. 

Claim 7. B' = f(B). 

Proof. Let W and W' be the two collection of sets constructed by the algorithm on (G,T) and 
(G',1'), respectively. Let us observe that W e W if and only if f(W) e W': the definition of 
W depends only on the definition of the sets W v , which depends only on the tangle X and the 
graph-theoretic properties of G, all of which are preserved by the isomorphism /. Taking into 
account that the definition of B depends only on the sets in W and their neighborhoods in G, we 
can deduce B' = f(B). 

As B' = f(B), for every component of G \ B, there is a corresponding component of G' \ B' . 
Let C[, . . . , C' p be the components of G' , as enumerated by running the algorithm on (G',T'), and 
let s', t'i, . . . , t' be the nodes of the constructed star decomposition. Let us define g(s) = s' and let 
g(ti) = t'j such that f(d) = Cj. 

Claim 8. For all t e y(T x ) we have ox'OO)) = f{o-%{t)) and a X '(f(0) = /(«£(*))• 

Proof. The statement immediately follows from the fact that a%{ti) = Ci and ot%>{g{ti)) = /(Cj) 

by definition of G, and hence a % {U) = N G (Ci) and a v (g(ti)) = N G {f{d)) = f(N G (Ci)). □ 



Finally, we can prove Lemma 4.10 by invoking Lemma 6.12 on the tangle defined by the un- 
breakable set X: 



d*(k) = d'(k) + 3m - 2, r (£;) = £'(k), m*(k) = m'(fc) 
Let T be the tangle of order m defined by the m- 
unbreakable set X; Lemma |5 . 1 1 provides an implementation of the min-cut oracle for T. Let us call 



Proof of Lemma \4.10j Let c*{k) - k + 3m - 2 
for the functions d' , I', m! in Lemma 6.12 



the algorithm of Lemma 6.12 with G, T, k, £, and m. If it returns a subdivision of in G, then 



we are done. Otherwise, the algorithm of Lemma 6.12 returns a T-respecting star decomposition 
= (T%,a%,a%) of G. We construct a star decomposition Sx = (Tx, olx , <?x) as follows. First, let 
Tx = T% and for the center s of Tx, let ctx(s) = V(G) and o-x(s) = 0. For every tip t of Tx, we let 
Q!x(i) = ot%(t) \ X and ax(t) = crx(t) u (X n a%(t)). It is straightforward to verify that T,x is also 
a star decomposition of G, and in fact it is star decomposition even for the supergraph G u 
(since X £ f3 x (s)). As 7j(s) \ A = rx(s) \ X, and rx(s) contains at most k vertices of degree 
higher than d*(k), we have that tx(s) contains at most k + \X\ = c*{k) vertices of degree higher 
than d*{k). The bound < |A| on the adhesion and the invariance requirement can be proved the 
same way as in Lemma |4.9[ □ 
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7 Partial Dominating Set 

The goal of this section is to prove that Partial Dominating Set (find k vertices whose closed 
neighborhood has maximum size) can be solved in time f(H, k) ■ on graphs excluding H as a 
topological subgraph. We intend this result as a demonstration of the algorithmic use of the Global 



Structure Theorem 4.1 it shows that by combining the techniques that work on almost-embeddable 
and on bounded-degree graphs, we can solve problems on graph excluding a topological subgraph. 
We would like to emphasize that all the algorithmic techniques in this section are standard: it is the 
new structure theorem that allows us to use these standard techniques on a larger class of graphs. 

We begin by defining a generalization of Partial Dominating Set, which will be convenient 
for computations on tree decompositions: 

Definition 7.1. Let G be a graph and S £ V(G) a set of vertices. The k-profile of G with respect 
to S is a mapping tt that assigns an integer tt(z, X, Y) to every integer < z < k and disjoint sets 
X,Y cS such that 

tt(z,X,Y) = max{\N G [ZuX] \(S\Y)\\Z£ V(G) s S, \Z\ < z). 

That is, we want to maximize the closed neighborhood such that it is prescribed what happens 
in S: the set X is assumed to be already part of the solution and only the subset Y of S is counted 
when computing the number of dominated vertices. Note that if S = 0, then n(k,0,0) is exactly 
the value of an optimum solution of Partial Dominating Set. 

First we show that the A;-profile can be computed in a bottom-up manner on a tree decomposition 
if every bag is small, that is, the decomposition has bounded width. Then we use a standard layering 
argument to compute the /c-profile on almost-embeddable torsos by reducing it to the bounded- 
treewidth case. For this reduction, we need the fact that almost-embeddable graphs have bounded 
local treewidth: 

Theorem 7.2 (|8j). For every p,q,r € N, there is a constant A > such that the following holds. 
Let G be a minor of a (p,q,r,0) -almost embeddable graph, let x e V(G), and let Nd({x}) £ V(G) 
be the set of vertices at distance at most d from x. Then G[Nd({x})] has treewidth at most A • d 
for every d>0. 

Finally, we compute the /c-profile on almost bounded-degree torsos by using a standard random 
coloring technique. 

Lemma 7.3. Let (T, a, a) be a tree decomposition of a graph G and t a node of T . The k-profile 
o/G[7(t)] with respect to a{t) can be computed 

(1) in time f(s)-n°W if \(3(t)\ < s and \N T (t)\ < 2. 

(2) in time f(w) -n°^ if a tree decomposition of r(t) having width w is given. 

(3) in time f(k,p,q,r,s,a) -n°^ if r(t) is almost (p,q,r,s) -embeddable, \cr(t)\ < a, and a set P 
of size at most s given such that r(i) s P is almost (p,q,r,0) -embeddable. 

(4) in time f(k,c,d,a) ■ if all but at most c vertices have degree at most d in r(t). 

Proof. Let us argue first that it is sufficient to have an algorithm for computing ir(z,X, 0) with 
respect to X. Indeed, if tt is the profile of G with respect to S and tt' is the profile of G\(S\ (XuY)) 
with respect to X, then ir(z, X, Y) = ir'(z, X, 0): vertices in S\(XuY) have no effect on the problem 
and moving a vertex of Y out of S again does not change the problem. As removing vertices does 
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not ruin any of the properties in (1)— (4), we can restrict our attention to computing ir(z, X, 0) 
with respect to some X £ a(t).q 

(1) Let us assume that t has exactly two children t\ and t 2 ; it is easy to adapt the proof for 
the simpler cases that t has exactly one child or is a leaf. Let 7Q and tt 2 be the profile of t\ and t 2 , 
respectively. We claim that tt(z, X, 0) with respect to X is the maximum of 

n 1 (z 1 ,(Z uX)na(t 1 ),Y 1 ) + TT 2 (z 2 ,(Z uX)na(t 2 ),Y 2 ) + \(N G [Z uX]n(p(t)^(XuY 1 uY 2 ))\ (7.1) 

subject to 

Zo,Zi,z 2 > 

Zq + Z\ + Z 2 < Z 

\Zo\ = Zq 
Z £ p(t) s a(t) 
Y 1 £a(t 1 )^X 
Y 2 £a(t 2 )^X 
Y 1 r\Y 2 = 0. 

Suppose that Z £ a(t) is the set reaching the maximum in tv(z, X, 0). Let Zq - Z r\ P(t), Z\ = 
Zna(h), Z 2 = Zna(t 2 ), z = |Z |, z x = \Z X \, z 2 = |Z 2 |, Yi = JV G (Zi)n/3(t), Y 2 = (iV G (Z 2 )n/3(t)) v^. 



With these values, (7.1) is at least |iV G [ZuX] \ X\, that is, n(z, X, 0). Indeed, Zi shows that the 
first term is at least |iV°[Zi u Z uX] na(ti)| + |Yj.| = \N G [Z u X]na(t 1 )\ + \Y 1 \ (since Z\ = Zna(h) 
has size z\, Y\ £ N G [Z\] by definition, and a vertex of Z can dominate a vertex of a(t\) only if it 
is in Z\ u Zo). Similarly, the second term is at least \N [Z u X] n a(t 2 )\ + \Y 2 \. Finally, a vertex 
vaN G [ZuX]n (I3(t) \ (Yi u Y 2 u X) ) has to be in N G [Z uX]n (p(t) \ (Y 1 uY 2 uX)). Therefore, 
every vertex of N G [Z u X] \X is counted in one of the three terms of ( |7.1| ), implying that the sum 
of the three terms is at least n(z,X,0). 

Conversely, consider the values of Zq, z\ % z 2 , Zq, Y%, Y 2 that maximize the right hand side. Let 
Z\ be a set that reaches the maximum in the definition of ix\(z\, (Zq\jX) r\a(t±),Yi) and define Z 2 
analogously. Let Z ■- Zq u Z\ u Z 2 . Clearly, \Z\ < z and thus tt(z, X, 0) is at least \N [Z u X] \ X\. 
We claim that (jO is at most \N G [Z uX]\X\. The first term is \N G [(Z 1 u Zq u X) n 7(^1)] n 
(a(ti) uYi)| < \N^_Z u X] n (a(ii) uYi)| by definition of Z\. Similarly, the second term is at most 
|iV G [Z u X] n (a(ti) u Y 2 )\. Thus the three terms count the sizes of disjoint sets, which means that 
their sum is at most \N G [Z u X] \ X\ < tt(z, 0, Y). 

(2) The treewidth of r(i) is at most it; by assumption, thus we can use standard algorithms to 
compute in time f(w)- n°« a tree decomposition (T t ,/3 t ) with < w for every x e V(Tt). 

Since o"(t) is a clique in r(t), there is an x e V(T() with a(t) £ Pt(x). Furthermore, if the children of 
t in T are ti, . . . , t m , then cr(ti) is a clique in r(t), hence there is an xi e V(Tt) with a(ti) £ p t (xi) 
for every 1 < i < m. By standard transformations, we can assume that <r(i) £ Pt( r ) for the root r 
of Tt, for every child ti there is a leaf Xi of Tt with a(ti) £ Pt(xi), and every node of Tt has at most 
two children (we omit the details). 

We modify (T,P) to obtain a new tree decomposition (T',P') the following way. The tree T' 
is obtained from T by removing node t, adding every node of Tt, letting the parent of t be the 
parent of r (the root of T), and letting Xi be the parent of U for every 1 < i < m. We set P'(t) to 
be P(y) if y € V(T) v {t} and to /3f(y) otherwise. It is not difficult to verify that (T',P') is also 
a tree decomposition of G. We apply statement (1) on every node t' e V(Tt) £ V(T') of this tree 
decomposition in a bottom-up order to compute the fc-profile of G^'it')] with respect to cr'(t'). 
The conditions of (1) hold: whenever we consider af'e V(T t ), then we already know the fe-profile 
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of each child of t': either it is in V(Tt) and we know the fc-profile because of the bottom-up order 
or it is U and we know the fc-profile by assumption. When this procedure reaches r (the root of 
It), it computes the £>profile of G[7'(r)] = G[-y(t)] with respect to cr'(r) = a(t), as required. 

(3) Let G' be the (p, q, r, 0)-almost embeddable graph r(t) s (P u X) and let Q contain one 
vertex from each connected component of G' . Let level L[i] contain those vertices of G 1 whose 
distance from Q in G' is exactly i. We define L[i,j] ■■- \Ji =i L[£]. We claim that G'[L[i,j]] has 
treewidth at most A • (j - i + 1) for some A depending only on p,q,r. If i < 1, then this follows 
immediately from Theorem 7.2 If % > 1, then let be obtained from L[0,j] by contracting every 
edge whose both endpoints are at distance at most i — 1 from Q. Observe now that G'[L[i, j]] is a 
subgraph of H and that every vertex of H is at distance at most j — i + 1 from Q. As H is a minor 
of an (p, r, 0)-almost embeddable graph, Theorem 7.2 implies that the treewidth of H (and hence 
of G'[L[i, j]]) is at most A • (j - i+ 1). 

We compute 7r(z,X, 0) with respect to X as follows. Suppose that Z £ a(i) is the set reaching 
the maximum in the definition of ir(z, X, 0). We claim that N G [Z \ P] intersects at most 3k levels. 
For every vertex v e (Z \ P) n f3(t), the closed neighborhood of v is fully contained in at most 3 
levels. For every vertex v e Z r\a(t') for some child £' of t, 7V G ({i;}) intersects /3(t) in a subset of 
cr(t'), which induces a clique in r(t). Thus iV ({«}) intersects at most 2 levels of G' . Therefore, 
taking \Z\ < i < k into account, we get that N G [Z \ P] intersects at most 3k levels. 

For < s < 3k, let M s := Uj>o L[((3k + l)j + s]. Note that these 3k + 1 sets are pairwise disjoint. 
As N G [Z \ P] intersects at most 3k layers, there is an s such that M s is disjoint from N G [Z \ P]. 
This means that if we obtain G s from G[7(t)] by removing for every v e M s the edges incident to v 
and not going to P u X, then this does not change the value of tt(z, X, 0): removing edges cannot 
increase this value, and as M s is disjoint from N G [Z \ P], none of these edges are induced by 
N G [Z u X], thus it does not decrease the value either. Therefore, if we denote by tt s the fc-profile 
of G s with respect to X, then tt(z,X,0) = max^ tt s (z, X, 0). 

Let (T s ,a s ,a s ) be the tree decomposition of G s with the slight modification that o~ s (tj) = 
o~(tj) \ M s for every child tj. This is still a tree decomposition: there are no edges between a(tj) 
and o~{tj) n M s in G s , as vertices of M s have neighbors only in P u X. Let us bound the treewidth 
of T s (t). Observe that vertices of M s are isolated in r s (t) \(Pu X) and thus every component of 
r s (t) \ (PuX) contains at most 3k consecutive levels. Therefore, by our observation above on the 
treewidth of G'[L[i, j]], we have that the treewidth of r s (t) \(Pu X) is at most A ■ (3k + 1). The 
sets P and X £ u(t) can increase treewidth by at most s + a. Thus the treewidth of T s (t) can be 
bounded by a function depending only on p, q, r, s, and a. This means that we can use statement 
(2) to compute the /c-profile ir s for every < s < 3k and deduce the value of n(z, X, 0) with respect 
to X. 

(4) Let P be the set of vertices with degree more than d. Let us color every vertex of (3(t) \(PuX) 
red or blue uniformly and independently at random. If there is a connected red component of size 
larger than k(d+ 1) in r(i), then turn every vertex of this component blue. Let us obtain G' from 
Cr[7(i)] by removing every edge of with at least one blue endpoint and not incident to P u X. 

It is clear that this transformation cannot increase tt(z,X, 0). We claim that with positive 
probability depending only on k and d, this transformation does not decrease it either. Suppose 
that Z c a(t) is the set reaching the maximum in the definition of ir(z,X,0) (with respect to X). 
Let R := N G [Z \P]n f3(t) and let B be the neighborhood of R in r(t) \(Pu o(t)). Clearly, the 
size of R is at most k(d + 1). Thus with positive probability depending only on k and d, R ends up 
red and B ends up blue. This means that none of the edges in N G [Z \ P] are removed and hence 
ir(z,X, <Z) does not decrease. 

Let (I', a' , a') be a tree decomposition of G' obtained from (I, a, a) by setting, for every child tj 
of t, a 1 (tj) = a(tj) and letting a'(tj) be a(tj) minus the blue vertices. We claim that the treewidth 
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of r'(t) can be bounded by a function k, c, d, and a. Indeed, every component of r'(t) \ (PuX) has 
size at most k{d + 1) (as we recolored every larger red component to blue) and P and X <= <j(t) can 
increase treewidth by at most c+a. Thus we can use (2) to compute the profile of the modified graph 
and with probability depending only on k and d, this will give us exactly tt(z,X, 0) with respect 
to X. By repeated application, the error probability can be made an arbitrary small constant. 
Furthermore, the algorithm can be derandomized using standard techniques, see e.g., |16j . 

□ 



Theorem 1.2 follows immediately by putting together Corollary 4.4 and Lemma |7.3[ 3-4) : in a 
bottom-up order, for every node t of the decomposition given by Corollary 4.4 we can compute 
the fc-profile of G[7(£)] with respect to cr(t). If tt is the k- profile corresponding to the root node r, 
then o~(r) = and hence vr(A;, 0, 0) is the value of the optimum solution of Partial Dominating 
Set. 

Remark 7.4. Recall that a graph is d-degenerate if every subgraph has a vertex of degree at most 
d. It is known that every graph excluding H as a topological subgraph is d#-degenerate for some 



constant du depending on H, thus it is a natural question whether Theorem 1.2 can be generalized 
to the more general class of d-degenerate graphs. However, Partial Dominating Set is W[l]-hard 
parameterized by k and d on d-degenerate graphs. To see this, note that Maximum Independent 
Set, parameterized by the size k of the solution, is W[l]-hard even on regular graphs. Let G be 
an r-regular graph (r > 3) and let us subdivide every edge by a new vertex. It is not difficult 
to see that G has an independent set of size k if and only if the new graph G' has a set of k 
vertices whose closed neighborhood has size (r + l)k. As G' is 2-degenerate, an f(k,d) -n°^ time 
algorithm for Partial Dominating Set on d-degenerate graphs would imply an f(k) -n°^ time 
algorithm for Maximum Independent Set. Thus the fixed-parameter tractability of Partial 
Independent Set on graph excluding id as a topological subgraph is not simply a consequence 
of the sparsity /degeneracy of such graphs, but essentially depends on the structural properties of 
this class of graphs. 

8 Invariant Treelike Decompositions 

In this section, we relax the notion of tree decomposition to the more liberal notion of treelike decom- 
position. The reason is that we want to make our decompositions invariant under automorphisms 
of the underlying graph, and this is not possible for tree decompositions. Treelike decompositions 



are based on the axiomatisation of tree decompositions by (TD.l) - (TD.5) From now on, a de- 
composition of a graph is a triple A = (D,a,a), where D is a digraph and a, a ■ V(D) ~ 2 V (G)_ 



For every t e V(D), we define sets j(t),f3(t) <= V(G) and a graph r(t) as in (3.4), (3.5), and 



(3.6). The width and adhesion of a decomposition are defined, as for tree decompositions, to be the 
maximum size of the bags minus one and the maximum size of the separators, respectively. Two 
nodes t,ue V(D) are /^.-equivalent (we write t « u) if a(t) = a(u) and a(t) = a(u). Note that t » u 
implies 7(t) = j(u), but not (3(t) = j3(u) or r(t) = t(u). We will occasionally work with several 
decompositions at the same time, and in such situations may use an index A , as for example in 
o~^{t) or t « A u, to indicate which decomposition we are referring to. However, we usually prefer 
implicit naming conventions such as the following: If we have a decomposition A' = (D' , a', a'), 
then we will denote 7 A '(t) by j'(t), /3 A ' (t) by f3'(t), et cetera. 

Definition 8.1. A treelike decomposition of a graph G is a decomposition A = (D,cr, a) of G that 
satisfies the following axioms: 

(TL.l) D is acyclic. 
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{2,4} 



{2,4} 




{3,5} 



{3,5} 



{ 1,2,3} | | {3, 4, 5} 
(b) 



Figure 8.1. (a) The cycle C5 with (b) a tree decomposition and (c) an automorphism- invariant 
treelike decomposition 

(TL.2) For all t e V(D) it holds that a(t) n a(t) = and N G (a(t)) c cr(i). 

(TL.3) For all f e and u e iV D (t) it holds that a(u) c and 7O) £ 7 (t). 

(TL.4) For all t e V(Z>) and u\,U2 e N D (t), either ui » U2 or 7(^1) n 7(142) = cr(«i) ncr(u2). 

(TL.5) For every connected component ^4 of G there is a t e T^(-D) with cr(i) = and a(i) = V(-A). 



Remark 8.2. Note that |(TD.2) coincides with (TL.2)| and |(TD.3)| coincides with (TL.3)| Moreover, 
(TD.l) implies (TL.l) and (TD.4) implies (TL.4). For connected graphs G, |(TD.5) coincides with 
(TL.5), and thus every tree decomposition of a connected graph is a treelike decomposition. For 



disconnected graphs, this is not necessarily the case, but it can be shown that from every treelike 
decomposition one can construct a tree decomposition with the same torsos. (See [7] for details.) 



Example 8.3. Figure |8.1[ a) shows the cycle C5. Figure |8.l[ b) shows a tree decomposition (T,f3) 
of C5 of width 2. Note that this tree decomposition is not invariant under automorphisms of C5, 
in the sense that there is an automorphism / of C5 for which we cannot find an automorphism g 
of T such that for all t e V(T) we have f(/3(t)) = f3(g(t)). It is easy to see that there is no tree 
decomposition of C5 of width 2 that is invariant under automorphisms. 

Figure [84^ b) shows a treelike decomposition (D' ,a' ,a') of C5 of width 2. Actually, the sets 
displayed in the nodes are the bags, but we can easily compute the separators and components 



using (3.1) and (3.3). For instance, for the grey node t with bag /3'(t) = {1,3,5} we have cr'(t) = 



{1,3} and a!(t) = {4,5}. For the sake of completeness, we observe that 7'(t) = {1,3,4,5} and 
^(t) = #[{1,3,5}]. 

Note that the "subdecomposition" induced by the four grey nodes is precisely the tree decompo- 
sition shown in Figure [84| (b). The treelike decomposition contains many other tree decompositions 
of C5 ; actually, it contains all images of the decomposition shown in Figure |8.1[ b) under automor- 
phisms of C5. And indeed, the treelike decomposition is invariant under automorphisms. 
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Example |8.3| illustrates how treelike decompositions can be made "invariant." However, the 
automorphism invariance of the example is not sufficient for our purposes, we need a more general 
notion of invariance that involves decompositions of more than one graph. 

Definition 8.4. A decomposition mapping for a class C of graphs is a mapping A that associates 
with each G e C a decomposition Aq = (Dq, o-q, «g) of G. 

A is invariant if for all isomorphic graphs G,G' zC and all isomorphisms / from G to G' there 
is an isomorphism g from Dq to Dq< such that for all t e V(Dg) we have ac(g(t)) = f{ac{t)) and 
<*G>{g{t)) =f(a G (t)). 

We need some additional terminology about decomposition mappings: We say that a decom- 
position mapping A for a class C is treelike if for all G e C the decomposition Ac is treelike, and 
it has adhesion at most a if for all G e C the adhesion of A^ is at most a. We say that a class C 
admits polynomial time computable invariant treelike decompositions over A (of adhesion at most 
a) if there is a polynomial time computable invariant treelike decomposition mapping for C over A 
(of adhesion a). 

Remark 8.5. The decomposition schemes of [7j yield polynomial time computable invariant de- 
composition mappings. 

The main result of the section is the following: 

Theorem 8.6 (Invariant Decomposition Theorem). For every graph H there are constants 
a, b,c,d,e e N and a polynomial time computable invariant treelike decomposition mapping A of 
adhesion at most a for the class of graphs G with H ^ G such that for every G with Aq = (D,o~,a) 
and every t e V{D) one of the following three conditions is satisfied: 

(i) < b 

(ii) At most c vertices of r{t) have degree greater than d. 
(lii) K e tr(t). 

Proof. We let k ■■- \H\. We choose c = c*(k), d = d*(k), i - £*(k), and m = m*(k) according to 



Lemma 4.10 and e = e*(£, m) according to Lemma 4.9 We let a ■- 3m - 3 and b ■- 4m - 3.. 

Let G be a graph with H ^ G. We shall define a decomposition Aq = (D, a, a) of G of adhesion 
at most a such that every node t satisfies one of (i)-(iii). Then we will argue that the decomposition 
G h> Aq is polynomial time computable and invariant. 

There will be three kinds of nodes in V{D): b- nodes ("bounded nodes"), d-nodes ("bounded 
degree nodes"), and e-nodes ("excluded minor nodes"). All nodes are triples t = (A t , X t ,Y t ) satis- 
fying the following conditions: 

(A) At is a connected induced subgraph of G with \N G (At) \ < a. To simplify the notation, in the 
following we let C t := G[Af G [^]]. 

(B) X t £ V(C t ) such that N G (A t ) c X t and \X t \ = min{a + 1, \C t \}. 

(C) Y t c V(Ct) such that \Y t \ < m. (Actually, Y t will be empty for d-nodes and e-nodes.) 

Let us call such triples "nodes" and let U be the set of all nodes (the actual nodes of D will form 
a subset of U). For every node t e U we let a(t) := V(A t ), a{A t ) := N G (A t ), and j(t) := V(C t ). 

(D) A b-node is a node t e U such that for every connected component A of Ct \ Yt it holds that 



\(V(A)nX t )uY t \<\X-, 



32 



Let Vf, be the set of all b- nodes. Let Ub be the set of all nodes t e U for which there exists a 
Y £ V{Ct) of size \Y\ < m such that for every connected component of A of Ct \ Y it holds that 
n X t ) u Y\ < \X t \. Note that V b £ U b and that that for every t € U \ J7 6 the set X t is 
m-unbreakable in Ct. 



(E) An e-node is a node t tU \ Ub such that Yj = and the algorithm of Lemma 4.9 on Ct, £, m, 
and X t returns star decomposition Tt := Tx t of Cf u iTfXj]. 



(F) A d-node is a node t zU \ Ub such that Yj = and the algorithm of Lemma 4.9 on Ct, 



m. 



and returns an image I of in Ct that is m-attached to Xt- In this case, the algorithm 
of Lemma 4,10| applied to Ct, k, the set Xt, and the image I computes a star decomposition 
Tit ■- Tx t of Ct u iiT[X t ] (since if^ Ct by assumption). 

Let Vrf and V e be the sets of d-nodes and e-nodes, respectively. Note that the three sets V&, Vd, V e 
are mutually disjoint. We let V{D) ■- VbuV d u V e . 

Claim 1. Let A be a (nonempty) connected induced subgraph of G with | A^ G ( ^4) | < a. Then there 
is a node t e V(D) such that Ct = A. 

Proof. Let C := G[X G [A]], and choose an arbitrary X c V{C) such that N G (A) c X and 
\X\ = min{a + 1, |C|}. Clearly, such a set X exists, because At and |X~ G (yl)| < a. 

If there is a set Y £ V(G) such that |Y"| < m and for every connected component A' of C \ Y it 
holds that |(V(A') n X) u F| < |X|, then (1,1,7)6^. 

Suppose there is no such set Y. Then (A, X, 0) £ U b and thus (A, X, 0) e V e u Vd- _, 

Byp)1andp)| for all ttV e uV d we have a star decomposition T t =■ (T t ,o- t ,at). Let st be the 
center of T t . To define the edge relation E(D), for every node t e F(-D) we define the set N D (t) of 
its children in D. 

(G) For t 6 Vb, we let N D (t) be the set of all u e V(-D) such that A u is a connected component of 
Ct^(XtuYt). 

(H) For t e V^u V^, we let N D (t) be the set of all u e l^(-D) such that A M is a connected component 

ofCtNftOt). 

This completes the definition of the decomposition Ac = (D,a, a). 
Claim 2. Aq is a treelike decomposition of G. 

Proof. It follows immediately from the definitions of a and a that Aq satisfies (TL.2)| 

To verify | (TL. 3)| let tu e E(D). We have X t 9 ^t(s t ) (either by [(G)] or by Lemmas [49] and 
410| ). Therefore, by|(G)|and[(H) we have 



a{u) = V(A U ) c V(C t ) s A(«t) £ nCt) ^ *t c V(C t ) s AT (At) = a(t). 



Moreover, if i e then we have TV *(A U ) 9 Xt i)Yt, and since every vertex of Ct with a neighbor 
outside C t is in N G {A t ) £ X 4 and we have V{A U ) nX t = 0, this implies N G {A U ) cX t u Y t . Hence 
7(u) = V(A u )uN G (A u ) c V(Ct) = 7(i). If t e V e uV b then we have X^AJ c /3 t (s t ). Again, every 
vertex of Ct with a neighbor outside Ct is in X G (AJ £ X t £ j3t(st) and V(Aj) n (3t{st) - 0- Hence 
j(u) = V(A U ) u X G (A) c v(C t ) = j(t). 

Note that in (8.1) we proved that for all edges tu e E(D) the inclusion a(u) c is strict. 



This implies that Z) is acyclic, that is, (TL.l 



To verify (TL.4) let t e V{D) and u 1: u 2 e X w (t). For i = 1,2, we let Q := C Ui and X := X^ 



and A := A* 
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Case 1: t e V b . 

Then by |(G)| both A\ and A 2 are connected components of Ct \ (Xt u Yt). Hence either 
Ai = A 2 or A 1 nA 2 = 0. If A x = A 2 then a(ui) = V(Ax) = ^(^2) = a(u 2 ) and cr(ni) = 
-/V g (t4i) = N G (A 2 ) = cr(u2) and thus ui » -U2- Suppose that Ain A 2 = 0. Note that we also 
have V(Ai) n N G (A 2 ) c Ai n (X t u It) = and, symmetrically, F(A 2 ) n iV G (,4i) = 0. This 
implies 7 (ui) n 7 (u 2 ) = V(Ci) n V(C 2 ) = JV G (^i) n iV G (A 2 ) = £j(m) n cr(« 2 ). 

Case g; t€V e uV d . 

Then both A% and ^4 2 are connected components of Ct \/3t(st ), and we can argue as in Case 1. 



To verify (TL.5), let A be a connected component of G. Then N G (A) = 0, and by Claim [l] there 
is a t e V(D) such that Ct = A. For each such t, we have a(t) = N G (A) = and a(t) = V(A). 

Claim 3. Let t e F(-D). 

(1) ttteVj, then /3(t) = Jf* uF t . 

(2) If t e K u V d then /3(i) = /3 t (s t ) and r(t) c Tt ( at ). 

Proof. Recall that 0(t) = 7 (t) \ U« e jvD(i) a(u) = F(C t ) \ U ue 7vo( 4 ) ^(A u ). 

To prove (1), suppose that t e V;,. It follows from (G) that for all u e N D (t) we have ^(^4^) c 
V(Ct) \ (X^ u Yt). Hence (Xt u Yi) c /3(f). To prove the converse inclusion, we shall prove that 
for every connected component A of Ct n (.Xt u 1^) there is a u e N D (t) with = A. By (G) and 
Claim [IJ it suffices to prove that |iV G (j4)| < a. But this follows from the definition of b-nodes in 
|(D)| (we used a similar argument in the proof of Claim [TJ . 



To prove (2), let t e V e u Vd. By|(H)[ for all « e iV^(t) we have F(A U ) c y(C t ) s /3 t (s t ). Hence 
Pt(st) £ /3(i)- For the converse inclusion, let A be a connected component of Ct \ Pt(st)- Then 
there is a tip 2 of Tt such that ^4 is a connected component of Ct[at(x)] - G[ctt(x)]. We have 
iV G (A) c g t (x), and as the adhesion of S t is < we have |iV G (yl)| < |<7 t (a?)| < \X t \ = a + 1. Thus 



by Claim 1 and (H) , there is a u e iNT^t) with A u = A 



It remains to prove that r(t) £ Tt(st). First, note that for all u e N D (t) there is an x e N Tt (st) 
such that ct(u) £ cr^x). Furthermore, S t is a decomposition of Ct u thus cr(t) £ X t is a 

clique in r t (s t ). 

It follows from |(A)| that the adhesion of Aq is at most a. By Claim [3^1), every t e satisfies 
By Claim[3^2) and Lemmas 4.10 and 4.9, every f e Vd satisfies (ii) and every t e V e satisfies (iii). 



It it easy to see that the decomposition mapping A is polynomial time computable. Indeed, note 
first that the set U has size o(n a m ~ 2+m ) (here we use n a+1 as an upper bound for the number 
of connected induced subgraphs A of G with N (A)\ < a) and that the set is polynomial time 
computable. Remember that the parameters a,m et cetera are all treated as constants depending 
only on H. The subset Uj, is also polynomial time computable, because to decide whether t e Uj, 
we can go through all subsets Y £ V(Ct) of size less than m and see if the condition is satisfied. 
Now it follows from Lemmas 4.9 and |4.10" that the sets V e and Vd are polynomial time computable. 
Hence V(D) is polynomial time computable. Since for nodes t € V e uVd the star decomposition 



Tit is polynomial time computable (again by Lemmas 4.9 and 4.10), the edge relation E(D) is 



polynomial time computable as well. Since the mappings a and a are almost trivially polynomial 
time computable, this shows that A is polynomial time computable. 

It remains to prove that A is invariant. To prove this, we take isomorphic graphs G, G' with 
H £ G,G' and let / be an isomorphism from G to G' . Let Ac = (D, a, a) and Aqi = (D' , a' , a'). We 
define the sets U, Ub,Vb,V e , Vd for G as above and let U'jU^, V£, V£, V' d be the corresponding sets for 
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G' . We denote the constituents of a node t' e V by (A' tl ,X' t ,,Y{,) and let C t ', := G'[iV G ' [>!{]]. For 
i' e V e uVd we denote the star decomposition of C t ', (obtained as above) by Ej,. The isomorphism / 
has a natural extension of subsets of V(G), tuples of subsets, and similar objects defined in terms 
of V(G). We denote this extension by /*. As / is an isomorphism, we obviously have f*{U) = U' , 
f*(U b ) = U' b , and f*(V b ) = V b \ Moreover, for every t e U we have f*(A t ) = A' ft{t) , f*(C t ) = Cj. (t) , 
et cetera. It follows from the invariance conditions of Lemmas 4.9 and 4.10 that f*(V e ) = V' e and 
f*(Vd) - V'd an d that for every t € V e uVd there is an isomorphism gt from Tt to T[ such that 
f*(a t (x)) = a f* (t)(gt{x)) and f*(at(x)) = ctf*u\(gt(x)) f° r an x e ^(^1)- But this implies that 
N D (f*(t)) = {/*(«) | u e N D (t)}. As r(C t ) = Cj. (t) and f*(X t ) = Xj, (t) and /*(F t ) = Y^, we 

also have N D (f*(t)) = {/*(«) | u 6 ^(t)} for all t e V fe . Hence the restriction of /* to V(D) is an 
isomorphism from D to D' . As /*(A t ) = A'f*,^ for all i e V(D), we have f{a{t)) = a'(f*(t)) and 

thus /(<r(t)) = f(N G (a(t))) = A^ G '(/(a(t))) = A^ G '(a'(/*(t))) = </(/*(*)). This proves that A is 
invariant. □ 



9 Canonization 

A canonisation mapping c for a class C of graphs is a mapping that associates with each graph G e C 
a graph c(G) = G such that for all G,H e C we have G = H = c(H). A canonisation 

algorithm computes a canonisation mapping. Without loss of generality we may always assume a 
canonisation mapping c to map graphs G to graphs c(G) with vertex set V(c(G)) = [n], where 
n := \G\. We say that a class C of graphs admits polynomial time canonisation if there is a polynomial 
time algorithm that computes a canonisation mapping for C. 

Fact 9.1 (Babai and Luks [lj). For every d e N i/ie c/ass of all graphs of maximum degree at 
most d admits polynomial time canonisation. 

Fact 9.2 (Ponomarenko |20j). For every graph H the class of all graphs excluding H as a minor 
admits polynomial time canonisation. 

Our goal in this section is to prove a "Lifting Lemma" that allows us to lift a canonisation 
from the torsos of a treelike decomposition of a graph to the whole graph. To be able to prove 
such a lemma, we need to work with more general structures than graphs and a stronger notion of 
canonisation. 

We often denote tuples (v\, . . . , Vk) by v. For v = (v\, . . . , Vk), by v we denote the set {v\, . . . , Vk}. 
A vocabulary is a finite set of relation symbols, each of which has a prescribed arity in N. (Note 
that we admit 0-ary relation symbols. For every set S the set S° just consists of the empty tuple.) 
Let A be a vocabulary. A weighted X-structure A consists of a universe (or vertex set) V{A) 
and for each £>ary relation symbol R e A a mapping R A : V(A) k -*■ N. A (plain) A-structure is 
a weighted A-structure A with range(i? A ) £ {0,1} for all R e A. We usually identify a function 
R A : V(A) k -> {0, 1} with the relation R(A) := {v e F(y4) fc | R A (v) = 1} and view a plain structure 
as a finite set (the universe) together with a collection of relations on this universe. For example, 
graphs and digraphs may be viewed as plain {E'J-structures, where E is a binary relation symbol. 
Graphs with multiple edges may be viewed as weighted {i?}-structures. 

Let A,/i be vocabularies with A £ ^ and let A be a weighted A-structure and B a weighted 
yu-structure. Then A is the X-restriction of -B if V(-A) = V(B) and i?" 4 = R B for all symbols 
i? e A. Conversely, -B is a fi-expansion of ^4 if A is the A-restriction of £>. For every W £ ^(^4), we 
define the induced substructure A[W] to be the weighted A-structure with universe V(A[W]) := W, 
relations R A ^ := R A \ w u for all /c-ary R e X. We let A \ W := A[V(A) \ W]. If / is a mapping 
with domain V(.A), we let f(A) be the weighted A-structure with universe V(f(A)) ■- f(V(A)) 
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and mappings RfW denned by R^ A \f{a)) := R A (a). If A and B are weighted A-structures such 
that for all k-ary R e A and all w e F(A) fe n y(i3) fc we have i? A (5) = R B {v), then we define the 
union A u 1? to be the weighted A-structure with V(A u £?) := u V(B) and 



i? AuB (a) := 



'i^(a) ifatV(A) k , 
R B (a) iiatV(B) k , 
otherwise. 



for all fc-ary relation symbols fie A and a e V(j4 u B) k . 

The Gaifman graph of a weighted A-structure A is the graph with vertex set V(Ga) '■- V(A) 
and edge set 

E(G A ) := {uu> e ( 2 ) | 3fc-ary Re\,vt V(A) k with i? A (S) >0and u}. 

An isomorphism from a weighted A-structure j4 to a weighted A-structure 5 is a bijective mapping 
/ : V(A) -* V(B) such that for all A:-ary R e A and all 5 e F(^) fc we have i? A (S) = R B (f(v)). 
Canonisation mappings and algorithms for weighted structures are defined in the obvious way. We 
say that a class C of graphs admits polynomial time strong canonisation if for every vocabulary 
A there is a polynomial time computable canonisation mapping for the class of all weighted A- 
structures with Gaifman graph in C. 

Lemma 9.3. For all d e N the class of all graphs of maximum degree at most d admits polynomial 
time strong canonisation. 



Proof. We derive this from Fact 9.1 by a simple gadget construction. 

We first define auxiliary graphs N n for all neN: Let 6^_i . . . bo be the binary representation of 
n = Ef=o b%2 1 . Then N n has vertices vq,. . . , i^-i and a vertex uii for every i e [0,^-1] such that 
hi = 1. It has edges between Vi-% and V{ for all i 6 [£- 1] and between vi and Wi for all i e [0,1 - 1] 
such that hi = 1. We call vq the "anchor" of iV n . 



Next, we define further auxiliary graphs M™ for all m,neN (see Figure 9.1): We take a copy 
of N m , a copy of N n , a triangle T with vertex set x,y,z and vertices 0,^1,^2,^3,^4. We add 
edges between x and the anchor of N m , between y and the anchor of N n , and additional edges 
ywi, ZW2, ZW3, ZW4. We call z the anchor of M™. Note that z is the only vertex of degree > 5 in 
M™, and y is the only vertex of degree 4 and x is the only vertex of degree 3 that is contained in a 
triangle. Thus whenever we have an isomorphism / between a copy of M™ and a copy of , we 
must have m-m' and n-n', and / maps the anchor of the first copy to the anchor of the second 
copy. 

For some d € N, let T>d be the class of all graphs of maximum degree at most d. Let A = 
{ill, • ■ • ,Rm} be a vocabulary, where Ri is fcj-ary. Let A be a weighted A-structure with Ga e i^d- 

We define a graph fi^ as follows: We start by taking the graph with vertex set V(^4) and no 
edges. For every i e [m] and for every tuple v = (ui, . . . ,v^.) e with r := R A (v) > 0, we add 

a fresh copy Mi a of M % r and for 1 < j < hi a path of length j + 1 from the anchor of M$ a to . 

Clearly, for every vertex x e V(i?A) the degree of x in iiyi is at most 5+max{/cj | i e [m]}. 

Observe that for every v e V(A), and every i e [m] there are at most (d+ l) fci tuples v e 
with R A (v) > and 1; 6 v. Thus the degree of v in ii^ is at most (d + l) ki . Thus we have proved: 

(A) The maximum degree of H A is at most k '■= max{fcj + 5,(d+ l) ki \ i e [m,]}. 

Now let A, 5 be weighted A-structures. Observe that the only triangles in Ha and Hb appear 
within the gadgets N™. Hence every isomorphism from Ha to Hb must map V{A) to V(B), and 
it must map gadgets with matching parameters onto one another. It follows that: 
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Ml 




v 2 v 3 v 4 



Figure 9.1. The auxiliary graph M™ in the proof of Lemma 9.3 



(B) For all weighted A-structures A,B we have A = B <^=> Ha = He- 
Finally, it is easy to verify the following two algorithmic claims: 

(i) There is a polynomial time computable mapping a from the class of weighted A-structures to 
the class of graphs such that a(A) = Ha for every weighted A-structure A. 

(ii) There is a polynomial time computable mapping b from the class of graphs to the class of 
weighted A-structures such that b(HA) = A for every weighted A-structure A. 

Now let c be a polynomial time computable canonisation mapping for the class of all graphs of 
maximum degree at most k. Then b o c o o is a polynomial time computable canonisation mapping 
for the class of all all weighted A-structures A with Ga e T^d- D 

Lemma 9.4. For every graph H, the class of graphs G with H ^ G admits polynomial time strong 
canonisation. 



Proof. If suffices to prove that this is true for every H = Kj, with k > 4. This follows from Fact 9.2 
using the same gadget construction as the proof of Lemma |9.3[ observing that for every weighted 
structure A and every k > 4 we have K^-i ^ Ga => ^ Ha- □ 

We want to prove that not only the class of bounded-degree graphs admits polynomial-time 
strong canonization, but also the more general class containing those graphs that can be made 
bounded-degree by the removal of k vertices. We deduce this from a more general statement about 
enlarging graphs k additional vertices. For every class C of graphs and every k e N, we let 

M k {C) := {G I 3X c V(G) : |X| < k and G \ X e C}. 
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We call the graphs in Nk{C) k- enlargements of the graphs in C. 

Lemma 9.5. Let C be a class of graphs that is decidable in polynomial time and admits polynomial 
time strong canonisation. Then for every k e N the class N k (C) admits polynomial time strong 
canonisation. 

Proof. It suffices to prove that A/i(C) is polynomial time decidable and admits polynomial time 
strong canonisation. The full assertion follows by induction. 

We first observe that M\{C) is polynomial time decidable. To prove that it admits polynomial 
time strong canonisation, let A be a vocabulary. For every &:-ary relation symbol R e A and every 
set S c [k] we introduce a fresh (k-\S\)-&ry relation symbol Rs, and we let A* be the extension of A 
by all these new relation symbols. For every weighted A-structure A and every x e V{A) we let A x 
be the A ""-expansion of A \ {x} defined as follows: For every /c-ary R e A and S = . . . ,i(} c [fe], 
where i\ < . . . < if, we let 

Rg x (vi v k -e) := R A 1 , . . . , v h -i , x, v h , . . . , v i2 - 2 , x, v i2 -i , ... , v i( _ e , x, v it+1 -e, • • • , v k _ e ) . 

Then clearly for all weighted A-structures B and all y e V(B), there is an isomorphism / from A to 
B with f{x) = y if and only if ,A X and B y are isomorphic. Furthermore, we can compute A x from 
^4 and x and conversely ^4 from A x and x in polynomial time. 

Now let c* be a polynomial time computable canonisation mapping for the class of all weighted 
A*-structures A* with Ga* 6 C. We shall define a polynomial time computable canonisation mapping 
c for the class of all weighted A-structures with Gaifman graph in J\f\(C). Let A be a weighted 
A-structure with Ga s N\(C). If Ga s C, we simply let c(^4) by the A-restriction of c*(A*), where 
A* is the A*-expansion of A with Rf = for all R s e A* \ A. 

In the following, we assume that ^ C. Let X be the set of all x e V^(^4) such that G J 4 N { :E } e C. 
Note that X is nonempty, because Ga 6 A/"i(C) \ C, and polynomial time computable, because C is 
polynomial time decidable. As usual, we assume that c* maps every structure A* to a structure 
whose universe is an initial segment of the positive integers. For every x e X, we let C x ■- c*(A x ). 
Let C* be lexicographically minimal among all C x for x € X. Let n ■- \A\; then V(C*) = [n — 1]. 
We let c(^4) be the structure C with universe [n] such that C n = C* . 

It is easy to see that the mapping c has the desired properties. □ 

Corollary 9.6. For all c, d e N the class of all graphs G such that at most c vertices of G have 
degree greater than d admits polynomial time strong canonisation and k e N. 

The main result of the section is the following lemma: 

Lemma 9.7 (Lifting Lemma). Let A,C be a classes of graphs and a e N. Suppose that A 
admits polynomial time strong canonisation and that C admits polynomial time computable invariant 
treelike decompositions over A of adhesion a. 

Then C admits polynomial time strong canonisation. 

Before we prove the lemma, we define the lexicographical order <j^, x on weighted A-structures 
A with V(A) £ N. Let Let A = {R\, . . . ,R m }, where Ri is fcj-ary. The order <^ x actually not only 
depends on the set A, but on the order in which the relations are listed. Hence we fix this order. 
We first review the lexicographical order on tuples and sets of integers: 

• For tuples x = (xi, . . . , x k ) £ N fc , y = (yi, . . . , ye) e we let x <\ ex y if and only if either there 
exists an i < min{fc,^} such that xi < yi and Xj = y-j for 1 < j < i or k < £ and Xi = yi for all 
i < k. 
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• For sets X, Y c we let X <\ cx Y if and only if there exists an i e Y s X such that for all j < i 
it holds that jel <==>» jeK. 

Now let A, B be weighted A-structures with V(A),V(B) £ N. Then we let A <^ ex B if one of the 
following conditions is satisfied: 

• V{A) <i ox V{B). Note that if both T^(^4) and V(B) are initial segments of the positive 
integers then this just means \A\ < \B\. 

• V{A) = V{B) V and there is an i e [m] and a tuple a e V ki such that Pj 1 = for 1 < j < i, 
and Pf (a) < Pf (a), and Pf (6) = Pf (b) for all S e V kl with 6 < icx a. 

We let A <j^ x I? if A <j^ x B or A - B. Note that <j^ x is indeed a linear order on the class of weighted 
A-structures whose universe is a set of natural numbers and that given A, B, it can be decided in 
polynomial time whether A <^, x B. 

As another small piece of terminology, we say that an enumeration of a finite set S is a tuple 
{x\, . . . , Xk) such that k = \S\ and S = {x\, . . . , Xk}- 

Proof of the Lifting Lemma. We shall describe a polynomial time computable a canonisation map- 
ping c for the class of all weighted A-structures with Gaifman graph in C. 

Let Pi, . . . , P a , Qi, . . . , Q a f. A be fresh relation symbols, where Pi and Qi are i-ary for all i e [a]. 
Let /j, ■- Au {Pi, . . . , P a , Qi, . . . , Q a }. Let a be a polynomial time computable canonisation mapping 
on the class of all weighted //-structures whose Gaifman graph is in A. Such a mapping a exists by 
the assumption that A admits polynomial time strong canonisation. Let A be a polynomial time 
computable invariant treelike decomposition mapping for C over A of adhesion at most a. 

To explain our canonisation mapping c, let us fix a A-structure C with Gaifman graph Gc £ C. 
Without loss of generality we may assume that Gc is connected. Let Ag c = (D,a,a). For every 
t e V(D) we let Ct ■= C^T^)] and st ■= \cr(t)\. Note that < st < a. By induction on D, starting 
from the leaves, for every node t e V(D) and every enumeration x of a(t) we define a copy C t * 5 of 
Ct and a mapping g t ^ ■ a(t) -*■ V(C f * 2 ) with the following properties: 

(A) V(Ctj.) is an initial segment of the positive integers. 

(B) There is an isomorphism / from Ct to C+ s such that gt t $ ^ f ■ 

Let t e V(D), and let x, = {x\, . . . ,x St ) be an enumeration of a(t). Let ui, . . . ,u m be the children 
of t in D. For every i e [m], let C{ ■- C Ui and nj := |a(?/i)| and Si ■- s Ui . Note that \Ci\ -n{ + s,. For 
all i, j e [m], let i « j :<^> Uj » A<3 c u^. For every z e [m] and every tuple y that enumerates a(itj), 



let C* iy - := C*. ^ and := g Uiy y. Then C*- and g i<y - satisfy |(A)| and [(B) 

\<a 



Let 3^ be the set of all y e (3(t)- a that enumerate a{u{) for some i e [m]. For each y e 3^, let 
be the set of all i e [m] with o~{ui) = y. Let <g be a linear order on such that for all i,j e Mg: 

(C) Ifq^Lq^ theni< s j. 

(D) If C* ru = C^g and c/i,y(y) <i cx gj,y(y) then i < 5 j. 

Note that condit ions | ( C ) | and | (D ) | do not determine a linear order on Mg, since there may be distinct 
i,j e such that C*^ = C*^ and gi : y(y) = gj t y(y). If this is the case, decide arbitrarily whether 
i <y j or j <fj i. No matter how we decide, the resulting structure Ct t x and mapping g ti % will be the 
same. 

Note that for every ^-equivalence class K, either K n My- = or K £ My. Let JVg be the system 
of representatives for the "-equivalence classes in My that contains the <y-smallest element of each 
class. Let io be the minimal element of Ng. We define Di to be the structure obtained in the 
following three steps: 
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(E) For each i e N$, we take a copy of C**j of C*^ and shift the universes of these copies in such 
a way that they are disjoint intervals of nonnegative integers arranged in the order given by 



(F) We take the union of all the C*i. Then for each i e N$ we identify the tuple gi,y{y) with the 
tuple g io ,y(y). 

(G) We shrink the universe so that it becomes an initial segment of the positive integers. 
Then Di is an isomorphic copy of the union of all structures Cjj for i e Ng. Let y* ■- gi .y{y) 



Observe that Di and y* indeed do not depend on the order <g, as long as it satisfies (C) and (D) 
Let p be the unique mapping from y to an initial segment of the positive integers such that 
p(y) < p(z) if and only if one of the following two conditions is satisfied: 

(H) D*y<L D l 

(I) Dl = Di and y* < iex z 



Then p{y) = p(z) if and only if Z)l = D| and y* = z* . Let r := max{/)(y) | y e y}. 
We let A t ^ be the ^-expansion of C[f3(t)] defined as follows: 

(J) For all i e [a] we define Pi(At tX ) by 

pA, a ,_^. = jl if ^s t andy = x, 
[O otherwise, 

for all y e /3(t)\ 
(K) For all i e [a] we define Qi(A ttX ) by 

[O otherwise, 

for all y e 

Observe that the Gaifman graph of At )X is r(t), because the sets x = a{t) and y = cr(ui) for all y e 3^ 
are cliques in r(t). Hence the canonisation mapping a is applicable to A t<x . Let A* t ~ := a(A tfX ). 

We define the structure C t * s as follows: We take the disjoint union of A* ti with copies of the 
structures Di for y e y. These copies are chosen such that their universes are consecutive intervals 

of positive integers and such that D*~ comes before D*~ if p(y) < p(z). Let C 1 be the resulting 

A* , 

structure. Then for each tuple z e V(Al~) with q ■- Q^' x (z) e [l,r] we choose a tuple y e y with 

p(y) = q and identify the copy of y* in the copy of D~ in C 1 with z. Of course there may be several z 

A* 

with Q, = g, say, z\ <i ex 5 2 <i ex • • • <iex h- Then there are yi,...,y^y with p(yj) = q. For all 

these, the structures Dy are isomorphic and their copies appear consecutively in C . We identify Zj 
with the copy of y* in the copy of D~ . After doing all these identifications, we shrink the universe 
of the structure so that it is an initial segment of the positive integers. Let C 2 be the resulting 
/i-structure, and let C\ % be the A- restriction of C 2 . If st = (and thus x is the empty tuple) we let 
gt,x be the empty mapping. Otherwise, there is a unique tuple x* = (x{, . . . ,x* t ) e P St {A1 z ). We 
define g t)X by letting g t , x (xi) := x* for all all i e [s t ]. 
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To define the canonical copy c(C) of C, we let M £ V(D) be the set of all nodes t with a(t) = 
and 7(t) = V(C). Such nodes exist by |(TL.5) , because Gc* is connected. We look at the set M. 
of all structures C f * for nodes t e T. (Here we write C f * instead of C*q, omitting the empty tuple 
enumerating a(t) = 0.) By |(B)| all structures in M. are isomorphic to C. We let c(C) be the 
<^ x -minimal structure in A4. 

It is important to note that our construction is "invariant" , that is, completely determined by 
the structure C and the decomposition Ag c . The only freedom we have during the construction 
is in the exact order of the children u\, . . . ,u m of t, but we have already noted that conditions |(C)| 
and |(D)| restrict the choices we can make in such a way that they do no longer matter because the 
resulting structures will be isomorphic. The invariance of A implies that if / is an isomorphism from 
C to a A-structure C then, letting &g' c = a ' i a ')> there is an isomorphism g from D to D' such 
that for all t e V{D) and all enumerations x of a{t) the restriction of / to y(t) is an isomorphism 
from Ct,x to C g (t)j(x)- By the invariance of our construction, it follows that C t * 5 = C' fl (t),/(2) an d 
9t,x(x) = 5 ff (t) i /(2)(/(5)). This implies that M. = M.', where M! is defined from C and ^g' c m the 
same way as M. is defined from C and Ag c , and thus c(C) = c(C'). 

As the decomposition mapping A is polynomial time computable, the canonization mapping c 
is polynomial time computable as well. □ 



Now we are ready to prove the main algorithmic result of the paper (which proves Theorem 1.3 
in the introduction): 

Theorem 9.8. For every graph H the class of H -topological- subgraph free graphs admits polynomial 
time strong canonisation. 



Proof. Choose the constants a, b, c, d, e as in the Invariant Decomposition Theorem 8.6 Let Ai be 
the class of all graphs G with |V(G)| < b, and let A2 be the class of all graphs G with K x ^ G, and 
let ^.3 be the class of all graphs G such that at most c vertices of G have degree higher than d. The 
class A\ trivially admits polynomial time strong canonisation. The class Ai admits polynomial 



time strong canonisation by Lemma 9.4 The class ^.3 admits polynomial time strong canonisation 
by Corollary 9.6 As A\ and A3 are polynomial time decidable (A2 is as well, but we do not need 
this), it follows that the class A ■= A\ u A2 u A2 admits polynomial time strong canonisation as 
well. That is, the canonization algorithm for A uses the algorithm for A\ if |V(G)| < b; otherwise 
it uses the algorithm for ^3 if there are at most c vertices having degree higher than d; otherwise 
it uses the algorithm for A%. 

By the Invariant Decomposition Theorem |8.6| the class of //-topological subgraph free graphs 
admits polynomial time invariant treelike decompositions over A of adhesion a. Hence by the 



Lifting Lemma 9.7, the class of iZ-topological subgraph free graphs admits polynomial time strong 



canonisation. □ 



10 Conclusions 

Our first main result is a structure theorem for graphs with excluded topological subgraphs, stating 
that they have tree decompositions into torsos with excluded minors and torsos were all but a 
bounded number of vertices have bounded degree. This is, in some sense, the best one can expect, 
because all classes of graphs with excluded minors and all classes of bounded degree (even bounded 
degree up to a bounded number of vertices) exclude topological subgraphs. Our proof of this 
theorem is self-contained, and it does not involve any enourmous hidden constants (something we 
feel is worth mentioning in the context of graph structure theory). The algorithmic version of 
theorem, though, does depend on a minor test, which can be carried out in cubic time, but only 
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with astronomical constant factors which make the algorithms completely impractical. It is an 
interesting open question whether minor tests can be avoided in the algorithms for computing our 
decompositions. Just like Robertson and Seymour's structure theorem for graphs with excluded 
minors, we expect our structure theorem to have many algorithmic applications. As a case in point, 
we show that the Partial Dominating Set problem is fixed-parameter tractable on graph classes 
with excluded topological subgraphs. 

Our second main result is a polynomial time isomorphism test for graph classes with excluded 
topological subgraphs. Such classes form a natural common generalisation of classes of bounded 
degree and classes with excluded minors, both of which were known to have polynomial isomorphism 
tests. To prove this result, we need a generalisation of our structure theorem which gives invariant 
treelike decompositions instead of tree decompositions. Treelike decompositions were introduced 
in [9] in the context of descriptive complexity theory as a logically definable substitute for tree 
decompositions. Here we show them to be useful in a purely algorithmic context as well. We 
develop a new, fairly generic machinery that, starting from the "local structure lemmas" , which 
form the core of our structure theorem, first yields the "global" invariant structure theorem and 
then, by a generic "lifting lemma" , allows us to lift canonisation algorithms from the torsos of the 
decomposed graphs to the whole graphs. The same machinery could be applied to even richer classes 
of graphs, provided it can be proved that they have a "local structure" that admits polynomial 
time canonisation. 

The exponent of the running time of our isomorphism test for .ff-topological-subgraph free 
graphs depends on the graph H. It is a significant open question already for graphs of maximum 
degree k or treewidth k if the known time algorithms for graph isomorphism can be improved 

to f(k) -n°^ time. 
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